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Note for NODE Approach to the MQCD Phase Diagram via Holography

Yao Zhang

1 Deduction

Assume a vector field representation of the governing equations:

Θ⃗ (z) =



Φ (z)

F (z)

Σ (z)

A (z)

G (z)


≜



u1 (z)

u2 (z)

u3 (z)

u4 (z)

u5 (z)


≜ u⃗ (z) . (1)

Further assume the system dynamics are governed by:

dΘ⃗ (z)
dz

=



d
dzΦ (z)
d
dz F (z)
d
dzΣ (z)
d
dz A (z)
d
dzG (z)


≜

du⃗
dz
=



du1(z)
dz

du2(z)
dz

du3(z)
dz

du4(z)
dz

du5(z)
dz


= f⃗

u⃗; Ẑ
(
zΦ

(
z; ξ⃗

))
,
∂Ẑ

(
zΦ

(
z; ξ⃗

))
∂zΦ

(
z; ξ⃗

) 

= f⃗
(
u⃗; u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
=



f1

(
z; u⃗, u6

(
x; ξ⃗

)
,
∂u6

(
x;ξ⃗

)
∂x

)
f2

(
z; u⃗, u6

(
x; ξ⃗

)
,
∂u6

(
x;ξ⃗

)
∂x

)
f3

(
z; u⃗, u6

(
x; ξ⃗

)
,
∂u6

(
x;ξ⃗

)
∂x

)
f4

(
z; u⃗, u6

(
x; ξ⃗

)
,
∂u6

(
x;ξ⃗

)
∂x

)
f5

(
z; u⃗, u6

(
x; ξ⃗

)
,
∂u6

(
x;ξ⃗

)
∂x

)



,

(2)

where u6
(
x; ξ⃗

)
= Ẑ

(
zΦ (z) ; ξ⃗

)
with x = zΦ (z), under the assumption that ∂u6

(
x;ξ⃗

)
∂x = u7

(
x; ξ⃗

)
.



The constrained optimization problem seeks to minimize:

min
ξ⃗

J
(
u⃗ (z); ξ⃗

)
, s.t. f⃗

(
z, u⃗ (z) ; u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
− du⃗

dz
= 0⃗, (3)

with the loss functional defined as:

J
(
u⃗
)
=

∫ zT

z0

g
(
u⃗
)

dz + J1
(
u⃗ (zT )

)
. (4)

The corresponding Lagrangian functional is constructed as:

L
(
u⃗, λ⃗

)
=J1

(
u⃗ (zT )

)
+

∫ zT

z0

g
(
u⃗
)

dz +
∫ zT

z0

λ⃗T
(

f⃗
(
z; u⃗, u6, u7

) − du⃗
dz

)
dz

=J1
(
u⃗ (zT )

)
+

∫ zT

z0

[
g
(
u⃗
)
+ λ⃗T

(
f⃗
(
z; u⃗, u6, u7

) − du⃗
dz

)]
dz,

(5)

Taking the total derivative with respect to the parameter vector ξ⃗ yields:

dL

dξ⃗
=
∂J1

∂u⃗
du⃗

dξ⃗

∣∣∣∣∣∣
z=zT

+

∫ zT

z0

∂g∂u⃗ du⃗

dξ⃗
+ λ⃗T

∂ f⃗
∂u⃗

du⃗

dξ⃗
+
∂ f⃗
∂u6

du6

dξ⃗
+
∂ f⃗
∂u7

du7

dξ⃗
− d

dξ⃗

(
du⃗
dz

) dz, (6)

where ∂ f⃗
∂u⃗ =

[
∂ f⃗
∂u1

∂ f⃗
∂u2

∂ f⃗
∂u3

∂ f⃗
∂u4

∂ f⃗
∂u5

]
, ∂u6

∂ξ⃗
=

[
∂u6
∂ξ1

∂u6
∂ξ2

· · · · · · ∂u6
∂ξp

]T
and other terms follow analogously.

Applying integration by parts to the term d
dξ⃗

(
du⃗
dz

)
:

∫ zT

z0

−λ⃗T d

d
−→
ξ

(
du⃗
dz

)
dz =

∫ zT

z0

−λ⃗T d
dz

 du⃗

d
−→
ξ

 dz = −
λ⃗T du⃗

d
−→
ξ


∣∣∣∣∣∣∣
zT

z0

+

∫ zT

z0

dλ⃗
dz

T
du⃗

d
−→
ξ

dz

=
(
λ⃗ (z0)

)T du⃗

dξ⃗

∣∣∣∣∣∣
z=z0

−
(
λ⃗ (zT )

)T du⃗

dξ⃗

∣∣∣∣∣∣
z=zT

+

∫ zT

z0

dλ⃗
dz

T
du⃗

dξ⃗
dz = −

(
λ⃗ (zT )

)T du⃗

dξ⃗

∣∣∣∣∣∣
z=zT

+

∫ zT

z0

dλ⃗
dz

T
du⃗

dξ⃗
dz.

(7)

where we assume du⃗
dξ⃗

∣∣∣∣∣
z=z0

= 0⃗ due to initial condition independence.
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Substituting equation (7) into (6) yields:

dL

dξ⃗
=
∂J1

∂u⃗
du⃗

dξ⃗

∣∣∣∣∣∣
z=zT

+

∫ zT

z0

∂g∂u⃗ du⃗

dξ⃗
+ λ⃗T

∂ f⃗
∂u⃗

du⃗

dξ⃗
+
∂ f⃗
∂u6

∂u6

∂ξ⃗
+
∂ f⃗
∂u7

∂u7

∂ξ⃗

 + dλ⃗
dz

T
du⃗

dξ⃗

 dz −
(
λ⃗ (zT )

)T du⃗

dξ⃗

∣∣∣∣∣∣
z=zT

=

∫ zT

z0


∂g∂u⃗ + λ⃗T ∂ f⃗

∂u⃗
+

dλ⃗
dz

T  du⃗

dξ⃗
+ λ⃗T

 ∂ f⃗
∂u6

∂u6

∂ξ⃗
+
∂ f⃗
∂u7

∂u7

∂ξ⃗


 dz +

(
∂J1

∂u⃗
−

(
λ⃗ (zT )

)T
)

du⃗

dξ⃗

∣∣∣∣∣∣
z=zT

,

(8)

To address the computational challenges posed by du⃗
dξ⃗

and du⃗
dξ⃗

∣∣∣∣∣
z=zT

in (8), we enforce the adjoint
system:


∂g
∂u⃗ + λ⃗

T ∂ f⃗
∂u⃗ +

(
dλ⃗
dz

)T
= 0⃗,

λ⃗ (zT ) = ∂J1
∂u⃗ (zT ) .

(9)

It yields the simplified sensitivity expression through the equivalence dL
dξ⃗
= dJ

dξ⃗
:

dJ

dξ⃗
=

∫ zT

z0

λ⃗T

 ∂ f⃗
∂u6

∂u6

∂ξ⃗
+
∂ f⃗
∂u7

∂u7

∂ξ⃗

 dz. (10)

In summary:

1. Initial value problem: Solve forwarddu⃗
dz = f

(
z; u⃗, u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
u⃗ (z = 1) = u⃗0

(11)

This system can be expanded as:

3







du1
dz

du2
dz

du3
dz

du4
dz

du5
dz


=



f1
(
z; u⃗, u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
f2

(
z; u⃗, u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
f3

(
z; u⃗, u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
f4

(
z; u⃗, u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))
f5

(
z; u⃗, u6

(
x; ξ⃗

)
, u7

(
x; ξ⃗

))


,



u1 (z = 1)

u2 (z = 1)

u3 (z = 1)

u4 (z = 1)

u5 (z = 1)


=



u10

u20

u30

u40

u50


.

(12)

This system is solved by determining u1 through u5 via NDSolve, with u6 and u7 are provided
by the neural network.

2. Terminal value problem: Solve backward
∂g
∂u⃗ + λ⃗

T ∂ f⃗
∂u⃗ +

(
dλ⃗
dz

)T
= 0⃗,

λ⃗ (z = zT = 0) = ∂J1
∂u⃗ (zT ) ,

(13)

for λ⃗ (z).

Now, in detail, we have the following system of equations:

[
∂g
∂u1

∂g
∂u2

∂g
∂u3

∂g
∂u4

∂g
∂u5

]
+

[
λ1 λ2 λ3 λ4 λ5

]


∂ f1
∂u1

∂ f1
∂u2

∂ f1
∂u3

∂ f1
∂u4

∂ f1
∂u5

∂ f2
∂u1

∂ f2
∂u2

∂ f2
∂u3

∂ f2
∂u4

∂ f2
∂u5

∂ f3
∂u1

∂ f3
∂u2

∂ f3
∂u3

∂ f3
∂u4

∂ f3
∂u5

∂ f4
∂u1

∂ f4
∂u2

∂ f4
∂u3

∂ f4
∂u4

∂ f4
∂u5

∂ f5
∂u1

∂ f5
∂u2

∂ f5
∂u3

∂ f5
∂u4

∂ f5
∂u5


+ · · ·

· · · +
[
∂λ1
∂z

∂λ2
∂z

∂λ3
∂z

∂λ4
∂z

∂λ5
∂z

]
=

[
0 0 0 0 0

]
(14)

That is,
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∂g
∂u1
+

[
λ1
∂ f1
∂u1
+ λ2
∂ f2
∂u1
+ · · · + λ5

∂ f5
∂u1

]
+
∂λ1

∂z
= 0,

∂g
∂u2
+

[
λ1
∂ f1
∂u2
+ λ2
∂ f2
∂u2
+ · · · + λ5

∂ f5
∂u2

]
+
∂λ2

∂z
= 0,

...

∂g
∂u7
+

[
λ1
∂ f1
∂u5
+ λ2
∂ f2
∂u5
+ · · · + λ7

∂ f7
∂u5

]
+
∂λ5

∂z
= 0.

(15)

In other words, we can express the system as:

∂g
∂ui
+

5∑
j=1

λ j
∂ f j

∂ui
+
∂λi

∂z
= 0, i ∈ [1, 5] . (16)

Finally, the system in (13) becomes:


∂g
∂ui
+

7∑
j=1

λ j
∂ f j

∂ui
+
∂λi

∂z
= 0,

λi (z = 0) =
∂J1

∂ui
,

i ∈ [1, 7] . (17)

3. Evaluate

dJ

dξ⃗
=

∫ zT

z0

λ⃗T

 ∂ f⃗
∂u6

∂u6

∂ξ⃗
+
∂ f⃗
∂u7

∂u7

∂ξ⃗

 dz

=

∫ 0

1

[
λ1 λ2 λ3 λ4 λ5

]




∂ f1
∂u6
∂ f2
∂u6
∂ f3
∂u6
∂ f4
∂u6
∂ f5
∂u6


∂u6

∂ξ⃗
+



∂ f1
∂u7

(
x;ξ⃗

)
∂ f2

∂u7
(
x;ξ⃗

)
∂ f3

∂u7
(
x;ξ⃗

)
∂ f4

∂u7
(
x;ξ⃗

)
∂ f5

∂u7
(
x;ξ⃗

)



∂u7
(
x; ξ⃗

)
∂ξ⃗


dz

=

∫ 0

1


 5∑

i=1

λi
∂ fi
∂u6

 ∂u6

∂ξ⃗
+

 5∑
i=1

λi
∂ fi

∂u7
(
x; ξ⃗

) ∂u7
(
x; ξ⃗

)
∂ξ⃗

 dz

=

∫ 0

1


 5∑

j=1

λ j
∂ f j

∂u6

 ∂u6

∂ξ⃗
+

 5∑
j=1

λ j
∂ f j

∂u7
(
x; ξ⃗

) ∂u7
(
x; ξ⃗

)
∂ξ⃗

 dz.

(18)

5



2 Implement

To solve this problem using a system of first-order differential equations, we introduce auxiliary
variables Φ2(z) and G2(z), defined as Φ2(z) = Φ′(z) and G2(z) = G′(z), respectively. Consequently,
Θ⃗ (z) can be expressed as:

Θ⃗ (z) =



Φ2 (z)

G2 (z)

Φ (z)

G (z)

Σ (z)

F (z)


=



u1 (z)

u2 (z)

u3 (z)

u4 (z)

u5 (z)

u6 (z)


= u⃗ (z) , (19)

with the system dynamics:

dΘ⃗ (z)
dz

=



d
dzΦ2 (z)
d
dzG2 (z)
d
dzΦ (z)
d
dzG (z)
d
dzΣ (z)
d
dz F (z)


=



du1(z)
dz

du2(z)
dz

du3(z)
dz

du4(z)
dz

du5(z)
dz

du6(z)
dz


= f⃗

(
u⃗; u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
=



f1
(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f2

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f3

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f4

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f5

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f6

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))


, (20)

where u7
(
x; ξ⃗

)
= Ẑ

(
zΦ (z) ; ξ⃗

)
with x = zΦ (z), and assume that ∂u7

(
x;ξ⃗

)
∂x = u8

(
x; ξ⃗

)
.

1. Solve forward 

du1
dz

du2
dz

du3
dz

du4
dz

du5
dz

du6
dz


=



f1
(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f2

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f3

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f4

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f5

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))
f6

(
z; u⃗, u7

(
x; ξ⃗

)
, u8

(
x; ξ⃗

))


, (21)
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with the initial values: 

u1 (z = 1)

u2 (z = 1)

u3 (z = 1)

u4 (z = 1)

u5 (z = 1)

u6 (z = 1)


=



u10

u20

u30

u40

u50

u60


. (22)

The system will be solved using NDSolve, with u7 and u8 are provided by the neural network.

2. Solve backward


∂λi

∂z
+

6∑
j=1

λ j
∂ f j

∂ui
+
∂g
∂ui
= 0,

λi (z = 0) =
∂J1

∂ui
,

i ∈ [1, 6] . (23)

for λi, i ∈ [1, 6].

3. Evaluate

dJ

dξ⃗
=

∫ 0

1


 8∑

j=1

λ j
∂ f j

∂u7
(
x; ξ⃗

) ∂u7
(
x; ξ⃗

)
∂ξ⃗

+

 8∑
j=1

λ j
∂ f j

∂u8
(
x; ξ⃗

) ∂u8
(
x; ξ⃗

)
∂ξ⃗

 dz. (24)

Fig. 1: Incomplete codes for (21).
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Fig. 2: Incomplete codes for (23).

Fig. 3: Incomplete codes for (24).
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