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The QCD phase diagram is crucial for understanding strongly interacting matter under extreme
conditions, with major implications for cosmology, neutron stars, and heavy-ion collisions. We
present a novel holographic QCD model utilizing neural ordinary differential equations (ODEs) to
map the QCD phase diagram under magnetic field B, baryon chemical potential pp, and tem-
perature T. By solving the inverse problem of constructing the gravitational theory from Lattice
QCD data, we reveal an unprecedentedly rich phase structure at finite B, including discovering
multiple critical endpoints (CEPs) under strong magnetic fields. Specifically, for B = 1.618 GeV? =
2.592 x 10" Gauss, we identify two distinct CEPs at (Tc = 87.3MeV, uc = 115.9MeV) and
(Te = 78.9MeV, uc = 244.0 MeV). Notably, the critical exponents vary depending on the CEP’s lo-
cation. These findings significantly advance our understanding of the QCD phase structure and pro-
vide concrete predictions for experimental validation at upcoming facilities such as FAIR, JPARC-HI,

and NICA.
I. INTRODUCTION

Quantum Chromodynamics (QCD), the theory of
strong interactions, governs quark and gluon behav-
ior under extreme conditions, underpinning high-energy
physics, astrophysics, and cosmology. The QCD phase
diagram, which maps transitions between the deconfined
quark-gluon plasma and hadronic matter, is central to
understanding phenomena in non-central heavy-ion col-
lisions, neutron stars, and the early universe [IH3]. The
global structure of the QCD phase diagram, spanning
temperature (7'), baryon chemical potential (up), and
magnetic field (B), remains poorly understood [4]. At
low up and B = 0, QCD matter undergoes a smooth
crossover, while at high up, a first-order phase transition
occurs. Locating the critical endpoint (CEP) separat-
ing these regimes is a primary goal of heavy-ion collision
experiments [l [6]. Magnetic fields, generated in non-
central heavy-ion collisions and present in astrophysical
objects like magnetars, significantly influence the QCD
equation of state. Strong magnetic fields modify the crit-
ical temperature, induce novel phases, and play a key role
in shaping the QCD phase structure [4], making B an es-
sential factor in searching CEP experimentally [7][8][9].
Exploring the magnetic QCD phase structure remains a
significant challenge.

With substantial progress, current non-perturbative
approaches to studying the QCD phase diagram still face

significant challenges. As a first-principle approach, Lat-
tice QCD encounters the well-known sign problem at
finite baryon density, making numerical simulations at
high pp computationally prohibitive [2]. Moreover, sim-
ulating high magnetic field configurations demands sub-
stantial computational resources, leading to limited ex-
ploration of the QCD phase structure in these regions [4].
These limitations significantly hinder our understanding
of the interplay among T', up, and B, particularly in the
regions of the phase diagram where experimental obser-
vations are most challenging.

As a competitive approach, holography offers a compu-
tationally efficient framework to study non-perturbative
QCD systems by mapping them to classical gravity [10-
12]. The holographic framework has particularly effec-
tively captured QCD dynamics at finite temperatures
and densities [I3HI5]. Several refined models, only cap-
turing corner of the QCD phase diagram, still fall short
of quantitatively describing the full set of lattice QCD
data, even for QCD equations of state [I6H23]. To con-
struct a holographic model consistent with QCD data,
one must systematically explore various actions and scan
the parameter space—a task akin to finding a needle in
a haystack. Manual parameter tuning to fit lattice QCD
data, known as the inverse problem, is computationally
inefficient and often fails to capture the system’s com-
plexity, particularly in the multi-dimensional parameter
space of T, up, and B [12 [16], 24].



Neural ordinary differential equations (neural ODESs)
excel in modeling complex, continuous dynamic systems
by optimizing over infinite-dimensional parameter spaces
with adaptive precision. In this work, we leverage neural
ODEs in holography to address these challenges, offer-
ing a data-driven mechanism that is different from tradi-
tional machine learning methods [25H29]. This innovative
approach captures the intricate dependencies of thermo-
dynamic quantities on T', up, and B with unprecedented
accuracy and flexibility [30].

These advantages allow our approach to a concrete
global structure of the phase diagram and uncover un-
precedented novel features of the QCD phase structure,
such as multiple CEPs and their associated critical be-
haviors, which were previously never identified. In partic-
ular, for sufficiently large B = 1.618 GeV? = 2.592 x 109
Gauss, the T-up plane exhibits two CEPs, a feature ex-
ceeding prior expectations. Furthermore, we analyze the
critical behavior near the CEPs, finding that the criti-
cal exponents satisfy scaling relations but vary based on
the CEP’s location. This innovative combination of ma-
chine learning and holography significantly advances our
understanding of the QCD phase structure and provides
new avenues for better agreement with experimental and
lattice QCD results.

The article is organized as follows. We introduce the
holographic model in Section II. We then describe our
method for fixing the bulk theory using machine learning
in Section III. The full QCD phase diagram and its key
features are summarized in Section IV and Section V. We
conclude and provide future directions in Section VI. In
Appendix A, we additionally show the details on solving
the equations of motion and the definition of thermody-
namic quantities. A detailed algorithmic breakdown of
the neural ODEs is included in Appendix B.

II. HOLOGRAPHIC MODEL

To capture essential QCD dynamics at finite mag-
netic field, temperature, and baryon chemical potential,
we employ a holographic framework based on the five-
dimensional gravitational theory:
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where % is the effective Newton constant. The metric
guv characterizes spacetime geometry, and the real scalar
field ¢ accounts for conformal symmetry breaking. The
Maxwell field A, with F,, = 0,4, — 0, A, introduces
a finite baryon number density, while the magnetic field
B is described by another Maxwell field Au with F =
d,A, —8,A,. The functions Z(¢), Z(¢), and V(¢) that
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FIG. 1. Schematic of the neural ODE approach for solving
the inverse problem in QCD phase diagram analysis. Initial
conditions from the black hole (BH) horizon are connected to
QCD boundary data via EoMs. The neural network initial-
ized as a trial function for the coupling Z(¢) is optimized via
backpropagation to minimize the loss function L, representing
the difference from lattice QCD data. Parameters £ are opti-
mized using gradient descent. Technical details are provided
in Appendix B.

encode the non-perturbative features of our system are
calibrated against lattice QCD data.

The bulk black hole solutions in Anti-de Sitter space-
time (AdS) are

d 2
ds® = —f(r)e”""dt? + —fz;) +r2(da® + dy? + 9(r)d=?)

¢ = o(r), Audxt = A(r)dt, fludaﬁ“ = g(aﬁdy —ydx),
(2)
where r is the holographic radial coordinate with the
AdS boundary located at r — oo. The blackening func-
tion f(r) is vanishing at the event horizon r = rp.
The temperature and entropy density of the QCD sys-
tem are given by the famous Hawking temperature and
Bekenstein-Hawking entropy of a black hole:
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evaluated at the black hole event horizon. Note that the
magnetic field B breaks Lorentz invariance along the z-
axis, leading to anisotropic pressure. Solving the bulk
equations of motion (EoMs) allows us to extract thermo-
dynamic quantities, such as the free energy density (2,
longitudinal pressure P,, entropy density s, baryon den-
sity np, and magnetization M. For further details, see
Appendix A. This holographic approach provides a first-
principles description of QCD dynamics under extreme
conditions.
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FIG. 2. The magnetic coupling Z(¢) as a function of ¢ from
machine learning. The black solid curve is the one obtained
from our neural ODEs architecture, and the red dotted one
from the fitting function in Appendix B.

III. NEURAL ODES

In the absence of a first-principle method to deter-
mine the coupling functions in our bottom-up model, we
constrain these functionals using available lattice QCD
data—a challenge known as the inverse problem. As lat-
tice QCD data at finite B and pp become more abun-
dant, manually tuning control parameters becomes im-
practical. Our neural ODE approach systematically ex-
plores the infinite-dimensional parameter space of the
coupling functions, achieving higher precision and accu-
racy.

In practice, we impose boundary conditions at the ul-
traviolet (UV) boundary and the black hole event hori-
zon. By solving the EoMs numerically, the neural ODE
generates a trial equation of state that is iteratively op-
timized through backpropagation to reduce deviations
from lattice QCD data. This process efficiently converges
to an optimal magnetic coupling, providing a good agree-
ment with lattice data and refining model predictions
across unexplored magnetic fields and chemical potentials
(see Fig.[I]for illustration). A detailed algorithmic break-
down of this methodology is included in Appendix B.
We construct a (2+1)-flavor holographic QCD (hQCD)
model using this neural ODE approach to achieve a pre-
cise fit with lattice QCD results [35]. A similar neural
ODE-based method is applied to determine Z(¢) and
V(¢) by matching to data at B = 0 [36, B7]. The re-
sulting functional forms are benchmarked rigorously and
agree with recent lattice simulations and experimental
data [38,139]. The profile for Z(¢) from our neural ODEs
is presented in Fig. This strong non-monotonicity
highlights the necessity for parameter tuning in machine
learning.

Fig. |3| presents our holographic predictions for four in-
dependent thermodynamic quantities: magnetic suscep-

tibility x?, magnetization M, entropy density s, and lon-
gitudinal pressure p,, compared to lattice QCD data [35].
We find good agreement across the available magnetic
fields, supporting our holographic model. This is the first
holographic model to achieve good agreement with lat-
tice data for magnetic fields up to B = 0.6 GeV?. Further
analysis is provided in Appendix B, showing consistency
with lattice QCD results [35].

IV. QCD PHASE DIAGRAM

With the model fully established, we construct the
QCD phase diagram at finite B, T, and pup by comput-
ing the free energy density 2. The full phase diagram
is depicted in Fig. The light blue area denotes the
first-order phase transition surface, dividing the quadrant
into two parts: the high-temperature region corresponds
to the quark-gluon plasma, while the low-temperature re-
gion corresponds to the hadron gas phase. The deep blue
line in the diagram marks the location of CEP for various
magnetic fields, where the first-order phase transition ter-
minates and transitions into a smooth crossover at small
chemical potentials. At B = 0, the phase diagram was
presented in Fig. 3 of [38], where the first-order transi-
tion line terminates at (T = 105MeV, uc = 555 MeV).
Fig. [] shows the phase structure in the T-B plane at
up = 0, revealing a line of first-order transitions ending
at the CEP located at (To = 89.6 MeV, B = 1.6 GeV?),
consistent with lattice QCD predictions [40].

Fig. highlights the following three key observa-
tions [41].

1. As the magnetic field B increases up to B =
1.764 GeV?, the critical chemical potential puc at
the CEP decreases, indicating that stronger mag-
netic fields shift the CEP to lower chemical poten-
tials. This shows a significant effect of magnetic
fields on the CEP location, affecting conditions in
experimental settings like heavy-ion collisions.

2. The critical temperature T at the CEP initially
decreases with increasing B, reaching a minimum
before increasing again. This turning point oc-
curs around T = 80MeV, B = 1.6 ~ 1.7GeV?,
and pup = 0.2 ~ 0.28GeV. This behavior suggests
complicated effects in the presence of a background
magnetic field. It could related to the inverse mag-
netic catalysis and magnetic catalysis reported in
the literature.

3. Multiple CEPs emerge at sufficiently strong mag-
netic fields in the T-up phase diagram, as shown
in Fig. [f] A first-order phase transition occurs
for 0 < pup < pe1 and pup > pe2, while a
crossover exists when puc1 < pup < pez2. As the
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FIG. 3. Thermodynamic Quantities from Holographic QCD Model vs. Lattice Data. Temperature dependence of (a) magnetic
susceptibility xp, (b) magnetization M, (c) entropy density s/7°, and (d) longitudinal pressure Ap, = p.|p — p|B=0 across
magnetic fields. Shaded regions show lattice QCD estimates [35]; solid lines indicate model predictions. Here, e = 1, giving

B =1GeV? =1.602 x 10'° Gauss.
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FIG. 4. The phase diagram on the B-T plane at vanishing pp.
The blue dot denotes the CEP, and the blue line corresponds
to the first-order line.

magnetic field B increases, the two CEPs, ini-
tially distinct, converge into a single point. Specif-
ically, Fig. [0 illustrates two CEPs identified at
(Te, pe) = (87.3MeV,115.9MeV) and (T, pue) =
(78.9MeV,244.0MeV). This result holds signif-
icant implications for heavy-ion collision experi-

ments, providing precise experimental markers for

testing at FAIR, JPARC-HI, and NICA [42].

These key observations reveal a rich phase structure in a
strong magnetic field and warrant further experimental
verification.

V. CRITICAL EXPONENTS

Beyond mapping the phase diagram, we examine criti-
cal behavior near the CEPs via critical exponents. These
exponents describe how thermodynamic quantities, such
as susceptibility and specific heat, diverge near critical
points, typically following power-law scaling. These ex-
ponents help identify the CEP’s universality class and
provide insights into QCD transitions under extreme con-
ditions.

Four critical exponents can be directly extracted from
the phase diagram of Fig.

e Critical exponent a: The exponent o quanti-
fies the power-law behavior of specific heat near
a CEP along the axis defined as approaching the
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FIG. 5. QCD phase diagram at finite magnetic field B. Phase
structure in temperature 7', baryon chemical potential g,
and magnetic field B from our holographic model. The light
blue surface denotes the first-order transition boundary, sepa-
rating the hadronic phase from the quark-gluon plasma. The
dark blue line traces the CEP trajectory, marking where the
first-order transition ends in a crossover.

100
95} B=1.618GeV?
90t (Uc1=115.9, T = 87.3)
S —
2 8s5f
= (Lcp = 244.0, T = 78.9)
80r
751
70 : : :
0 100 200 300 400
Hs[MeV]
FIG. 6. QCD phase diagram in the T-up plane at B =
1.618 GeV2. The purple line marks the first-order phase

transition, ending at the first critical endpoint (CEP) at
pe1 = 115.9 MeV, where the transition becomes a crossover.
A second CEP at pc2 = 224.0 MeV suggests a more complex
phase structure. These findings imply that strong magnetic
fields induce rich QCD phase behavior, with significant im-
plications for heavy-ion collisions.

CEP along the tangent of the first-order line:
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e Critical exponent §: It characterizes the discon-
tinuity of entropy density s across the first-order

line:
As =55 —s< ~ (Tegp — T)°,

where s~ and s. represent the entropy densities in
the high- and low-temperature phases, respectively.

e Critical exponent ~: It represents the power-law
behavior of baryon susceptibility with the temper-
ature near the CEP along the first-order axis:
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e Critical exponent § : The definition of § relies
on the power-law relationship between entropy and
chemical potential with T = Tcgrp at the critical
isotherm:

s — scep ~ B — poep|Y?,
where scgp is the entropy density at the CEP.

Table [[| presents the critical exponents for the CEP at
three different magnetic field values, denoted by hQCD
(I, IL, IIT) [41]. The critical exponents satisfy the scaling
relations o + 28 + v = 2 and a + (1 + §) = 2, ensur-
ing the self-consistency of our results. Although close to
mean-field values, these exponents show significant devi-
ations depending on the CEP location, particularly as B
increases. Such deviations highlight the features of our
holographic QCD model, which cannot be attributed to
large-N effects typical in conventional holographic dual-
ity, where mean-field behavior is expected. Similar devia-
tion happened in the holographic 2-flavor model [43], the
critical exponents match those of the quantum 3D Ising
model, further emphasizing the distinct nature of our ap-
proach compared to traditional large-N QCD models.

@ I} ~y )
Experiment [0.110-0.116| 0.316-0.327 1.23-1.25 4.6-4.9
3D Ising 0.110(5) [0.32540.0015]1.2405+0.0015]4.82(4)
Mean field 0 1/2 1 3
DGR model 0 0.482 0.942 3.035
hQCD(I) | 0.002296 0.485518 0.9558187 [3.00993
hQCD(II) | 0.001694 0.50373 0.91803 2.9455
hQCD(III) | 0.00917 0.3944 0.98696 3.9878

TABLE I. Critical exponents from experiments in non-QCD
fluids, the full quantum 3D Ising model, mean-field (van der
Waals) theory, the DGR model [14], and our (241)-flavor
hQCD model. The hQCD (I, II, III) correspond to the critical
exponents for up = 554.66 MeV,B = 0 (hQCD 1), up =
501.4 MeV,B = 0.3 GeV? (hQCD 1II), and pup = 0,B =
1.6 GeV? (hQCD III), respectively.

VI. CONCLUSION

We have developed a novel neural ODE framework that
solves the inverse problem of constructing a holographic




QCD action from Lattice QCD data. This framework
results in the first holographic model capable of captur-
ing key thermodynamic behaviors of hot and dense QCD
at finite magnetic fields. Notably, the model reveals a
rich phase structure in a strong magnetic field, includ-
ing non-monotonic CEP temperature behavior (Fig.
and multiple CEPs in the T-up plane (Fig. @, provid-
ing specific experimental markers for validation at future
facilities like FAIR, JPARC-HI, and NICA [42]. Specifi-
cally for B = 1.618GeV?, we identified the first CEP at
(Tc = 87.3,MeV, uc = 115.9,MeV), and a second CEP

t (Te = 78.9,MeV, uc = 244.0,MeV). These results
suggest a richer phase structure in QCD than previously
anticipated. Furthermore, we have determined critical
exponents that depend on the location of CEPs, offering
valuable insights for experimental studies in regions ac-
cessible to RHIC and LHC. Experimental observables,
such as baryon number or magnetization fluctuations,
could directly test these predictions in current experi-
ments, e.g. RHIC [7], the STAR fixed target program
(FXT), and future experiments [42].

Our work has established a fruitful connection between
high-energy nuclear physics, gravity, and machine learn-
ing. We have discovered previously unexplored structures
of the QCD phase diagram, providing a deeper under-
standing of QCD matter in extreme environments. Fu-
ture research should extend the model to bridge gaps be-
tween theoretical predictions and experimental findings
across energy scales. This includes incorporating isospin
asymmetry, which is relevant for neutron stars, and ro-
tational effects, critical for understanding dynamics in
rapidly spinning neutron stars and heavy-ion collisions.
Extending the model to non-equilibrium scenarios could
also provide insights into the real-time dynamics of phase
transitions, capturing rapid changes in temperature, den-
sity, and magnetic field during heavy-ion collisions. Ap-
plying our findings to neutron stars and early universe
conditions, where understanding the equation of state for
strongly interacting QCD matter under varying magnetic
fields is crucial, presents another promising direction for
future research.
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Appendix A: Equations of motion and
thermodynamics

By varying the action , the equations of motion
(EoMs) can be obtained:
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Substituting the ansatz into gives six equations:
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where five of them are independent.
The form of V(¢) and Z(¢) is taken from [38].
3
V(¢) = —12coshle1¢] + (6¢] — §)¢2 + c20°
(S3)
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Z(¢) = 2
(¢) 1+63 1+63



Expansion at the UV boundary r — oo yields
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where we have taken the normalization of the spacetime

coordinates at the boundary such that n(r — oo) =0

and g(r — oo) = 1. Expansion at the event horizon
r =T} gives

f=fn(r—rn)+-,
n=nn+m(r—rp) 4+,
A=Ap(r—rp)+--, (S5)

¢=¢n+o1(r—rn)+--,
9=gn+g1(r—ra) +--

After substituting into the EoMs , one finds five
independent coefficients (ry, Apn, Mh, On, gn)-

The relationship between the free energy density {2 and
the on-shell action S is:

—QV = T(S + S@)on—shell ) (SG)

where V is the spatial volume of the boundary system.
The boundary term is given by
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Here, h,,, is the induced metric at the UV boundary with
K, the extrinsic curvature defined by the outward point-
ing normal vector to the boundary.

The boundary energy-momentum tensor reads

27~2 5(5 + Sp)

Ty —Th lim ——-—=" ,
1 . 9
s Tgnolo r2[2(Khy — Ky — 3h,)
1 6ct S8
-G+ T ] b, D)
- (FWFf - *hWF/MFp ) In[r]
— 2(0)(E,,,F? — hWﬁpAFPA) 1n[r]] .

Substituting the UV expansion on the boundary gives:
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Note that in the thermodynamic limit V' — oo, Q = —p,.
From the EoMs 7 we can get a radially conserved
charge:

Q = gl ( (e L8) —Z<¢>A<r>A’<r>)

r

e / G gﬁm)zwsn i
" ) (S12)

which connects data from the horizon to the UV bound-
ary. Evaluating it at both the horizon and the boundary
yields

Q Ts=c—Q— LBNB total

-0 - upnp — BM

(813)
where €'t = ¢ + e/i¢ld ig the total energy including the
external field e/ = BM with M the magnetization.
This is the expected thermodynamic relation. More pre-
cisely, M can be computed by the partial derivative of
the free energy with respect to B.

o0 > By/e= Mg (r) Z[6(r)]
= (5),,. )
0B Tos . r
B\/e=10) f(r)g(r) In[r] Z[0

+ lim
T— 00

(S14)



It can be checked straightforwardly that the first law of
thermodynamics

dQ) = —sdT —npdup — MdB, (S15)

is satisfied. One can then obtain the magnetic suscepti-

bility xp = (%)T,HB.

Following [38], we choose ¢; = 0.7100,c; =
0.0037,c3 = 1.935,¢4 = 0.085,¢5 = 30 of (S3). More-
over, we take r3, = 2m(1.68),¢s = 1085MeV and b =
—0.27341.

Appendix B: Calculation method and neural ODEs

Neural networks and neural ODEs have been inten-
sively utilized in holographic QCD literature (e.g. [26-
29]). In particular, neural networks have been effec-
tively integrated into ODE frameworks in [27], 28]. In
our approach, we introduce a novel neural ODE ar-
chitecture to numerically solve the magnetic coupling
Z[¢(2)], constrained by lattice QCD data with high pre-
cision. We model Z using a feedforward neural net-
work with three hidden layers, each structured as x =
o(weight x z’ 4 bias), where the activation function is
o = tanh. Here, z and z’ represent the output and input
of each layer, respectively, and H = {weight, bias} is the
parameter set. The layer structure is [input(1)-(16)-(64)-
(16)-output(1)]. Details for reproducibility are provided
below. Fig. [7] illustrates our computational approach.
To address the inverse problem of mapping lattice QCD
data to a holographic model, we initialize a trial function
Z(¢), used to solve the bulk EoMs with asymptotic
AdS boundary conditions and regular horizon conditions.
The solution yields boundary field theory observables,
which are then compared to lattice QCD data to itera-
tively refine A (¢). Due to scaling symmetries, there are
three independent IR data points: Ay, ¢p, and B, cor-
responding to the field values at the event horizon and a
pre-scaled magnetic field. These map to the UV quanti-
ties—temperature 7', chemical potential u g, and physical
magnetic field By—where By is the transformed field af-
ter scaling. By modeling A (¢) through a neural network,
we solve the EOMs and obtain thermodynamic quantities
such as T, ug, Br, M, s, xp, and Ap,.

Since the lattice data [35] covers only a small region
at zero chemical potential, the values of T, up, and Br
computed with an arbitrary set of Ay, ¢p, and Bp can-
not adequately cover this region. Therefore, as shown in
Fig.[7] it is necessary to adjust Ay, ¢n, and Br to obtain
a set that effectively covers the relevant lattice QCD re-
gion. The values of the remaining thermodynamic quan-
tities M, S, xB, and Ap, depend on the choice of the trial
function Z(¢). To optimize Z(¢), we define a loss func-
tion L = L(M, s, x5, Ap.). We can obtain the optimal

Z(¢) by iteratively applying gradient descent (Adam: «

@ Ah7 ¢h7BF

Z($) EoMs Adjustment
% T7 mB, BT
M7 S, XB; Apz

FIG. 7. Given a

Solv-

Mlustration of the Algorithm process:

trial functional Z(¢) and a set of (An,dn, Br).
ing the EoMs to obtain the thermodynamic quantities
(T,us,Br,M, S, xB,p-). Verify whether these (T, us, Br)

cover the range of lattice QCD data. If not, adjust
(An, ¢n, Br). If they do, compare this set with the corre-
sponding lattice data for (M, S, xB, Ap.). If consistent, ter-
minate the process. If not, adjust Z((Z)) and repeat the pro-
cess. Adjustments to Z(¢) are made through gradient de-

scent, where L represents the loss function and £ are the

network parameters used to mimic Z (). g—L indicates the

direction of descent for the loss function. When the loss func-
tion reaches its minimum, it signifies the optimal solution for

Z(¢).

=0.0002, 5,=0.9, $2=0.999) to minimize the loss func-
tion [44]. Since our model’s high precision requirements,
we have to employ a neural network ODE model [45] to
solve for Z (¢) throughout the entire process. This model
effectively transforms the conventional neural network
into a continuous form, facilitating differential equations’
rapid and accurate solutions.

For later convenience, one can rephrase the EoMs (S2)
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FIG. 8. Discrete network representation of the recursive rela-
tionship between layers in solving (S16)). Initial conditions are
set at the event horizon (i = 1), and layers extend to the UV
boundary (i = N). Each layer i corresponds to field values
©;. The network discretizes the holographic direction z into
steps dz. Z(®) is modeled by a feed-forward network with
three hidden layers. {z11,z12,...} is outputs of the hidden
layer. The colored arrows (e.g. green, blue, red) indicate dif-

ferent layers sharing the same functional form of Z(®). The
arrow is the forward propagation direction, and the opposite
is the backpropagation direction.

as the following form:

% =2(2,0,0(z2), Z(®), Z'(®), Br),0(z) =
z
(S16)

where ©(z) is to take the derivative with respect
to the argument and z = 1/r,2®(z) = ¢(1),F(z) =
22f(1), Az) = A(2), Z'(®) is the derivative with re-
spect to ®. One can refer to the precise definitions of
these functions of . = is a five-component vector. ©
contains scalar field ¢, metric components f, g, 7, and
Maxwell field A;. These equations of motion can
be rewritten as a discrete difference equation:

Oit1 = 0; + Z(2,0;,6,(2), Z(®;), Z'(®;), Bp)dz,

(S17)
where we discretize the holographic direction z with a
step size dz. The index ¢ corresponds to the i-th layer.
The equation gives the recursive relationship between the
i-th layer and the ¢ + 1-th layer. ©; corresponds to the
field value at the i-th layer. Here, ¢ = 1 represents the
event horizon, and ¢ = N corresponds to the UV bound-
ary. As shown in Fig. [8| the difference equation can be
naturally understood as a 6 x N network without activa-

tion function.

Here, we select four thermodynamically independent
data sets S that contain quantities S = {M, s, x5, Ap.}
for an accurate comparison between the holographic
model and Lattice QCD data, performing a global fit-
ting. The key problem is to minimize the loss function
by optimizing the functional Z (¢). To determine the op-
timizing direction of Z (¢), one needs backpropagation of
the neural network to extract the data associated with
%Ig. ¢ € H is any parameters in Z neural networks. And,
we choose loss function L = L(M, s, xp, Ap,) as mean-
square error (MSE). Here, we apply a similar definition
of the loss function offered by [46]. The precise form of
loss function L is

L= ZPI(ILQCD — Inqep)?,
Tes

(S18)

where Itqcp, Inqep correspond to the thermal dynam-
ical quantities S of lattice QCD data and are predicted
by holographic QCD, respectively. The P; is the inverse
of the uncertainty, the maximum difference between the
LQCD data and its central value.

We must input % and £ into Adam to minimize the

loss function. The key issue is to collect 2%, For the i-th

layer, we have the following chain rule: o
OL 0L 00,4
0¢ 00,41 0§

Here, &; is the £ of the i-th layer, ©; is the © of the i-th

layer. One has to note § = &;,7 # j that means §; in

oL IL
each layer .are the same, but e #* PE; - From || at
each layer it can be expressed by

oL 9L 85(2’1—761-,Z(Cbi),Z’(@i),Bp)dZ
& 001 3 '

(S19)

(S20)

Finally, for the whole network, the key ingredient g—? is
the sum of all partial derivatives: '

dL oL 0= L 0207 9= 87
— = =—=dz= | = (—=—+ —=——F-)dz.
dé 90 0¢ 909z 06 9z I
To obtain the first factor of the integrant in (S21)), we can
make use of the following chain rule for the two neigh-
borhood layers:
OL 0L 004
00; 00, 00; ’

(s21)

where % represents the derivative of each component
in © at the i-th layer, with the component index omitted
for clarity. Here, ag)é’tl is a 5 x 5 matrix. From ,
we obtain:

OL 0L 004

00; 0041 00;

_ 0L (1+ 9=(zi, 0, 0i(2), Z(®:), Z'(®:), Br)

00,41 00;

dz).
(S22)



: oL oL
For convenience, let y; denote 76 and y denote 3.

Then, the above equation can be written as:
9Z(2:,0,,6,, Z(®;), Z'(®;), Br)
00;

Yi = Yit1 (1 + dz |,

(S23)
which corresponds to the following differential form:

02(2,0,0(z), Z(®), Z'(®), Br)
00 '
To simplify our notations, we note that this set of equa-

tions involves five unknown functions as shown in (S16]),
and g—g is a 5 x 5 matrix.

y'(z) = —y(2) (524)

LQCD
forward propagation x5 M
do ety
" T —==eewl@Ze@s) e
’ 4 -6z =i T €
B M,5,X3,¢ = 2
%—!
v=| 2] L
9 o= (z, o, é(z),, BF) Loss function
v =-3() =
back propagation
i S
/
I ar /aL oz 02 o2 07
==l =+ |dz
% 3 56|\ 57 9 T 57 O
I
I
I ‘
% update £
I
|
\
N e e e o e -
FIG. 9. Continuous representation of our numerical simu-

lation. The top panel depicts the forward propagation, in-
tegrating from the infrared (IR, left) to the ultraviolet (UV,
right), and comparing with lattice data to compute the loss
function. This continuous approach corresponds to Fig. 6.
During forward propagation, the function Z acts as a nu-
merical component within the equations of motion (EOM).
The bottom panel (excluding the dashed section) illustrates
backpropagation in the continuous limit. By deriving back-
ward integral equations from the forward ones, we calculate
the derivative of the loss function L with respect to the pa-
rameters £, subsequently updating the parameters in the Z (6)

9Z
ER

obtained through the internal back propagation of Z across
the entire integration domain.

neural network (dashed section). Specifically, and 68—25' are

We elaborate on the forward and backpropagation for
the discrete case and derive the continuous form used
in practical computations. In the actual calculation, as
shown in Fig. [0] we first perform a forward propagation
integral to obtain the loss function, and then the deriva-
tive of the loss function with respect to the parameters
can be propagated through the back differential equa-
tion, which used for optimizing the trial function Z (D)
via gradient descent to minimize the loss function L. The
forward and backpropagation of the Z neural network are
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respectively regarded as numerical functions participat-
ing in the forward and back differential equations.

Finally, we combine all the elements in and input
them into the Adam optimizer to achieve the functional
Z(¢), which is a crucial point of this work. We man-
aged to obtain the numerical data for Z(¢) as shown in
Fig.[2l It can be good approximated using the following
analytical form:

Z(¢) = age=1(#792)° | gqe—as(9=as)" ~as(¢—ar)’

+ agsech[—ag (¢ — a19)?] + alle_“12(¢—ﬂ13)6 + a4,

(S25)
where the parameters are given by
o A96TT 8383 . _ 202953
%~ 100000° ' 25000’ 2~ 100000’
15371 . _ 6207 39131
3~ 50000’ * 7 50000’ >~ 20000’
411 413981 97
_ A _ 219980 LA $26
%= 5000 %"= Too000’ %8 = z000°  O20)
Lo 34873 20503 287
%7 100000° "' 500000 M 50000’
24319 2637 Lo 691
27 925000 M 2500° 4 500000

To illustrate the efficacy of the algorithm, we present
a comparison of four thermodynamically independent
quantities, S = {M,s,xp,Ap.}, between the holo-
graphic predictions and the lattice QCD simulations, as
shown in Fig.1 of the main text. Additionally, we confirm
that the corresponding trace anomaly I, the renormalized
longitudinal pressure Ap,, and the renormalized anomaly
AT predicted by the holographic model align with the
lattice QCD data [35], as depicted in Fig. This work
represents the first quantitative realization of state-of-
the-art lattice QCD data [35] within a holographic model.
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