Note on Gauss-Bonnet-Dilaton Gravity
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1 Holographic model

We begin with the five dimensional Einstein-Gauss-Bonnet theory with a dilaton theory
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where RéB =R?— AR, RIY + RungWO‘B , and R is the Ricci scalar with respect to the
spacetime metric g, ¢ is the scalar field with a potential V(¢) and coupling functions
Z(¢), H(¢) depending only on ¢, and « is the Gauss-Bonnet coupling constant. The action
yields the following field equations
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In what follows we will specify these two functions as
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As the dual system lives in a spatial plane, we choose the Poincaré coordinates with r the
radial direction in the bulk. The metric ansatz reads
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We denote the event horizon as rp at which f vanishes. Then the temperature and the

entropy density are given by
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Substituting the ansatz into (1.2), (1.3), (1.4), we obtain the following independent equa-

tions of motion,

_120f(2H ) _ Saf(rV@)H(@() | 3enaf(Z@)A W (6(r) _ 480> F(r)2H (@) f () H (¢(r)
48a2f(r)f()H/(¢(T)) $(0) 15 PH GONO0 _ 1af S OH G0 _ Ly g(y)
| 20 () H( T(»v (¢(r)) | daf(r )H’(¢(r>)¢() 0D 4 1n(r) A1 (r)2 21 ((r))
_eWaf () H(G(r 3>A'<r>22'<¢>< 1) _ 200 af (AP 68 ()2 (60)
a?f(r)? r)H' (¢(r r af(r)2H' (¢(r rr af(r "(p(r r
| 22 HGEN G (1) | Saf(r)H (G (r) _ Saf () G GEDIC) _ L ()t () (r)
ol H(@(r)0 Yul) _ 21020010 4()) ) | 2082 o) 0 ()
+480c2f(T)SH’(¢(7"))¢’(T)2H”( (1) . 480100 (1) /(G0 (12 H(0(r)) _ 450 (0 H (00 1)0 )20/ 1) H ()
LF () (r) - 200 B0 ) 48a2f(r)3H’(¢(r)) O(r) | 45070 () r)? &)
_4af<r>2H/(¢(r>>¢'(r>¢>"<r>_48a2f(r>3H'< (1) <r>¢>"<)} 0:

' ' 1.10)
o, (e"/2r3ZA’(r)) =0 (1.11)
1, o 6af(r)H(e(r)n'(r) 377( ) 18af(r)H'(¢(r))¢'(r)n'(r)
2qj (r) r3 2r r2 (1.12)
_ 12af(r)¢/ (r)2H"($(r))  12af (r)H'(6(r))d"(r) _ 0: ‘
r2 72 y

6f (T) + V(p(r) + en() Z(p(r)) Al (r)? — 1204f(7")H(3¢(T))f’(7‘) +3 () 2404f(r)2H’(¢>(7“))¢>’(7‘)
36af(r)f (T‘)H’( o(r ))¢> (r) 4 Gof(r )QH(cb(T))n (r) 3f(r2)77’(7°) + 18af(r )QH’(¢(T))¢( )n'(r )
_ 12af(r) ¢’(7")2H”(¢(1")) 12af(r)2H’(¢(T))¢”( ) — = 0:;

T‘

(1.13)
It is worth noting that here we need a simple distinction: G'(¢(r)) = 0,G, G'(r) = 0,G

2 UV expansion

We introduce a new coordinate z = 1/r and functions: ¢(r) = ®(2)/r, f(r) = r?F(z),
n(r) = X(z), A(r) = A(z). Near the AdS boundary r — oco(or z — 0) where ¢ — 0, we



obtain the following asymptotic expansion:
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Substituting the expansions into the equations of motion give the expansion coefficients
(See Program for details). In addition, H(¢) satisfies the following conditions
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3 IR expansion

The smoothness of the event horizon yields the following analytic expansion in terms of
(r —ry) in the IR:
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4 Thermodynamics

We now compute the free energy density 2, which is identified as the temperature T" times
the renormalized action in the Euclidean signature. Since we consider a stationary problem,
the Euclidean action is related to the Minkowski one by a minus sign. Moreover, we
should include the Gibbons-Hawking boundary term for a well-defined Dirichlet variational
principle and a surface counterterm for removing divergence. Therefore, we have:
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The boundary terms take the form
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where J is the trace of
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hap is the induced metric at the AdS boundary and K, is the extrinsic curvature defined
by the outward pointing normal vector to the boundary.
The energy-momentum tensor of the dual boundary theory reads
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An other useful radially conserved quantity reads
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5 Shear Viscosity to entropy density ratio

Kubo’s formula relates the shear viscosity to the low frequency and zero momentum limit
of the retarded Green’s function of the stress tensor in the CFT
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Concretely one has
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Translating the calculation of the correlator to a holographic one, one first finds the effective
action for the metric perturbation hf(t,r) = [ (2‘147’)“4@(7“)6*“’5”]“2. Evaluating the action
(1.1) to quadratic order in the fluctuations ¢y (r) yields
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we have also added a generalized Gibbons-Hawking boundary term K in (5.3),
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Hence we arrive at the result
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where in the second expression, we have evaluated the ratio at the horizon r = r; and
defined the quantities
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It is straightforward to obtain the shear viscosity:
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