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Task A

Figure 1: Causal inference-based attention model in the article2.

2L. Jiao et al. “Causal Inference Meets Deep Learning: A Comprehensive Survey”. In: Research 7 (2024), pp. 1–41.
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Last time

§ We always have:
𝑓 𝑥#, … , 𝑥$ = 𝑓 𝑥# 𝑓 𝑥% 𝑥# …𝑓(𝑥$|𝑥#, … 𝑥$&#)

§ A set of variables 𝑋'((*) is said to be Markovian parents of 𝑋* if it is a minimal 
subset of {𝑋#, …𝑋*&#} such that 𝑓 𝑥* 𝑥#, … , 𝑥*&# = 𝑓 𝑥* 𝑥'( *

§ Then 

𝑓 𝑥#, … , 𝑥$ =F
*,#

$
𝑓(𝑥*|𝑥'( * )

§ We can draw a DAG accordingly
§ The distribution is said to factorize according to this DAG
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Factorization of the joint density
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Last time, Cont.

First-order Markov models: the future is independent of the past given the
present

1→ 2→ · · · → t − 1→ t→ t + 1
Xt+1 ⊥⊥ {X1,X2, . . . ,Xt−1} | Xt

In DAG models, we have a similar (local) Markov property
Let S be any collection of nodes. Then:

XS ⊥⊥ XV\desc(S)\pa(S) | Xpa(S) (1)

When there are three random variables forming a collider structure (i.e.,
X→ Z← Y), X ⊥⊥ Y | Z ?
In more general cases, we need d-separation.
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Last time, Cont.

§ A path between 𝑖 to 𝑗 is blocked by a set 𝑺 (not containing 𝑖 or 𝑗) if at least one 
of the following holds:
§ There is a non-collider on the path that is in 𝑺; or
§ There is a collider on the path such that neither this collider nor any descendants are in 𝑺

§ A path that is not blocked is active

§ If all paths between 𝑖 ∈ 𝑨 and 𝑗 ∈ 𝑩 are blocked by 𝑺, then 𝑨 and 𝑩 are d-
separated by 𝑺. Otherwise they are d-connected given 𝑺.

§ Denote d-separation by ⟘
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d-separation
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Last time, Cont.

§ Definition: 
A distribution 𝑃 with density 𝑝 satisfies the global Markov property with respect 
to a DAG 𝐺 if:

𝑨 and 𝑩 are d-separated by 𝑺 in 𝐺 ⇒ 𝑋𝑨 ⫫ 𝑋𝑩| 𝑋𝑺 in 𝑃

§ Theorem (Pearl, 1988): 
A distribution 𝑃 with density 𝑝 satisfies the global Markov property with respect 
to 𝐺 if and only if 𝑝 factorizes according to 𝐺.
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Global Markov property
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Causal graphical models
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§ Causal effects and do-operator
§ Causal graphical models
§ Selection bias

17

Today
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Causal effect – Example 

Example due to Frederick Eberhardt

Atmospheric pressure

Barometer needle 𝑋 Weather
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Causal effect – Example 

Example due to Frederick Eberhardt

Atmospheric pressure

𝑑𝑜(𝑋 = 𝑥)

Barometer needle 𝑋 Weather
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Causal effect – Example 

Example due to Frederick Eberhardt

Atmospheric pressure

𝑑𝑜(𝑋 = 𝑥)

𝑋 has a causal effect on 𝑌 if manipulating 𝑋 changes the distribution of 𝑌
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§ Interventional definition of causal effect: 
𝑋 has a causal effect on 𝑌 if manipulating 𝑋 changes the distribution of 𝑌

§ Mathematical notion of manipulation (due to Pearl):
§ 𝑑𝑜(𝑋 = 𝑥) (or shorthand 𝑑𝑜(𝑥)) represents a hypothetical intervention where 𝑋 is set to the 

value 𝑥, uniformly over the entire population
§ 𝑝(𝑦|𝑑𝑜(𝑋 = 𝑥)) is the distribution of 𝑌 after 𝑑𝑜(𝑋 = 𝑥)
§ 𝐸(𝑌|𝑑𝑜 𝑋 = 𝑥 ) is the expectation of 𝑌 after 𝑑𝑜 𝑋 = 𝑥 , etc
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Causal effect and do-operator

Conditioning on observing: 𝑝 𝑦 𝑠𝑒𝑒 𝑋 = 𝑥 = 𝑝 𝑦 𝑥 (ordinary conditioning)

Intervening: 𝑝 𝑦 𝑑𝑜 𝑋 = 𝑥 , also written as 𝑝'((*+,)(𝑦)
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§ Mathematical definition of causal effect: 
𝑋 has a causal effect on 𝑌 if 𝑝 𝑦 𝑑𝑜 𝑋 = 𝑥′ depends on 𝑥′, 
i.e., if ∃ 𝑎 and 𝑏 so that 𝑝 𝑦 𝑑𝑜 𝑋 = 𝑎 ≠ 𝑝 𝑦 𝑑𝑜 𝑋 = 𝑏

§ Total average causal effect:
ACE 𝑥, 𝑥: = 𝐸 𝑦 𝑑𝑜 𝑋 = 𝑥 − 𝐸 𝑦 𝑑𝑜 𝑋 = 𝑥′
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Causal effect and do-operator
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§ We observe 𝑛 i.i.d. observations of (𝑋, 𝑌)
§ Goal is to model certain aspects of 𝑝(𝑦|𝑥), for example 𝐸(𝑌|𝑋 = 𝑥)
§ Useful for prediction
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Classical regression models

Model aspects of distribution of 𝑌 when we observe 𝑋 = 𝑥

Yao Zhang (EECS @ NBU) Causality Nov 28, 2025 14 / 36



§ We observe 𝑛 i.i.d. observations of (𝑋, 𝑌)
§ Goal is to model certain aspects of 𝑝(𝑦|𝑥), for example 𝐸(𝑌|𝑋 = 𝑥)
§ Useful for prediction – but what if we set 𝑋 to e.g. 6? I.e. if 𝑑𝑜(𝑋 = 6)?
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Classical regression models

𝑋 → 𝑌 𝑌 → 𝑋

Yao Zhang (EECS @ NBU) Causality Nov 28, 2025 15 / 36



§ We observe 𝑛 i.i.d. observations of (𝑋, 𝑌)
§ Goal is to model certain aspects of 𝑝(𝑦|𝑥), for example 𝐸(𝑌|𝑋 = 𝑥)
§ Useful for prediction

§ Such analyses are generally not useful for policy or treatment decisions, since 
such decisions involve predictions in manipulated systems with post-
intervention distributions different from 𝑝
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Classical regression models
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§ Consider a rehabilitation program for prisoners. Participation in the program is 
voluntary. 
§ 𝑋 = 1 if prisoner participated in the program; 𝑋 = 0 otherwise
§ 𝑌 = 1 if prisoner is rearrested within a year; 𝑌 = 0 otherwise

§ P(𝑌 = 1|𝑋 = 1): probability of re-arrest for prisoners who choose to participate
§ P 𝑌 = 1 𝑑𝑜 𝑋 = 1 : probability of re-arrest if program were compulsory for all 

prisoners
§ Note that generally P 𝑌 = 1 𝑑𝑜 𝑋 = 1 ≠ P 𝑌 = 1 𝑋 = 1
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Example
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§ Suppose P 𝑌 = 1 𝑋 = 1 < P(𝑌 = 1|𝑋 = 0)
§ Re-arrest rate among prisoners who participated in the program is lower than among those 

who did not participate
§ Could be due to the program, due to the intrinsic motivation of the prisoners who chose to 

participate, due to a mixture of these two, or…. 

§ Suppose P 𝑌 = 1 𝑑𝑜(𝑋 = 1) < P(𝑌 = 1|𝑑𝑜(𝑋 = 0))
§ Program lowers the re-arrest rate, i.e., program has a causal effect on the re-arrest rate
§ Manipulating 𝑋 changes the distribution of 𝑌
§ 𝑋 is causal for 𝑌
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Example
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§ Causal DAG models (Causal Bayesian networks)
§ Structural equation models
§ Potential outcomes

29

Frameworks
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§ Let 𝐺 = (𝑽, 𝑬) be a DAG and 𝑃 be the distribution of 𝑋𝑽 with density 𝑝
§ The pair (𝐺, 𝑃) is a DAG model or a Bayesian network if

𝑝 𝑥𝑽 =0
"∈𝑽

𝑝(𝑥"|𝑥$% " )
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Causal Bayesian networks
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§ Let 𝐺 = (𝑽, 𝑬) be a DAG and 𝑃 be the distribution of 𝑋𝑽 with density 𝑝
§ The pair (𝐺, 𝑃) is a DAG model or a Bayesian network if

𝑝 𝑥𝑽 =0
"∈𝑽

𝑝(𝑥"|𝑥$% " )

§ The pair (𝐺, 𝑃) is a causal DAG model or a causal Bayesian network if for any 
𝑾 ⊂ 𝑽

𝑝 𝑥𝑽 𝑑𝑜 𝑥𝑾 = 𝑥𝑾: = 0
"∈𝑽\𝑾

𝑝 𝑥" 𝑥$% " 1 𝑥𝑾 = 𝑥𝑾:
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Causal Bayesian networks
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§ The pair (𝐺, 𝑃) is a causal DAG model or a causal Bayesian network if for any 
𝑾 ⊂ 𝑽

𝑝 𝑥𝑽 𝑑𝑜 𝑥𝑾 = 𝑥𝑾: = 0
"∈𝑽\𝑾

𝑝 𝑥" 𝑥$% " 1 𝑥𝑾 = 𝑥𝑾:

§ Modified factorization known as
§ “g-formula” (Robins)
§ “manipulation formula” (Spirtes, Glymour, Scheines) 
§ “truncated factorization formula” (Pearl)
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Causal Bayesian networks
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§ The truncated factorization formula implies that an intervention on 𝑋@ only 
changes 𝑝(𝑥@|𝑥$% @ ); the other conditional distributions remain unchanged. 
This is also known as invariance.
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Causal Bayesian networks
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Notes week 3 - I
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§ The truncated factorization formula implies that an intervention on 𝑋@ only 
changes 𝑝(𝑥@|𝑥$% @ ); the other conditional distributions remain unchanged. 
This is also known as invariance. 
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Causal Bayesian networks
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§ The pair (𝐺, 𝑃) is a causal DAG model or a causal Bayesian network if for any 
𝑾 ⊂ 𝑽

𝑝 𝑥𝑽 𝑑𝑜 𝑥𝑾 = 𝑥𝑾: = 0
"∈𝑽\𝑾

𝑝 𝑥" 𝑥$% " 1 𝑥𝑾 = 𝑥𝑾:
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Causal Bayesian networks
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§ The modified factorizations represent factorizations wrt truncated graphs 𝐺𝑾, 
where all edges into 𝑾 are removed

§ See Notes week 3 - II.pdf
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Causal Bayesian networks
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Notes week 3 - II
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§ 𝑋$%(@) can be interpreted as the 
direct causes of 𝑋@

§ Directed edges can be interpreted 
as direct causal effects

§ 𝑋 can only be causal for 𝑌 if there is a directed path from 𝑋 to 𝑌
§ Depending on the context, we might be interested in the 

§ Direct causal effect
§ Indirect causal effect
§ Total causal effect
§ …
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Causal Bayesian networks

1 2

3 4 5
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Notes week 3 - III
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Simpson (1951), in an example similar to this one: 
“The treatment can hardly be rejected as valueless 
to the race when it is beneficial when applied to 
males and to females.”

Simpson (1951), in an example similar to this one:
“…, yet it is the combined table which provides 
what we would call the sensible answer…” 

Treatment Placebo
Male 50/100 150/500
Female 50/500 0/100
Total 100/600 150/600

Treatment Placebo
High BP 50/100 150/500
Low BP 50/500 0/100
Total 100/600 150/600

Simpson’s paradox
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Simpson’s paradox and causal diagrams

§ Same numbers, different conclusions….
§ Must use additional information: “story behind the data”, causal assumptions

§ Consider total causal effect of treatment on recovery
§ Possible scenarios:

gender

treatment recovery

gender is a confounder;
control for gender

BP

treatment recovery

BP is an intermediate variable;
don’t control for BP
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Notes week 3 - IV
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Notes week 3 - IV
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§ Causal DAGs imply strong assumptions, allowing us to estimate post-
intervention distributions from observational data

§ How do we know the causal DAG?
§ Now: assume it is given, e.g. from background knowledge
§ Later: consider learning causal DAG (under some assumptions)
§ In any case, causal DAG provides clear framework to state causal assumptions for analysis 

§ Allows for an honest debate about such assumptions
§ Can draw several possible causal DAGs, conduct the analysis for each of them and perform a 

sensitivity analysis
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Causal DAGs
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Discussion

Any comments or questions?

We may not always find an answer, and since we’re not very familiar with causality, we will need to dedicate more time to

this topic.
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