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Abstract

The problem of solving partial differential equations (PDEs) can be formulated into a
least-squares minimization problem, where neural networks are used to parametrize PDE
solutions. A global minimizer corresponds to a neural network that solves the given
PDE. In this paper, we show that the gradient descent method can identify a global
minimizer of the least-squares optimization for solving second-order linear PDEs with
two-layer neural networks under the assumption of overparametrization. We also analyze
the generalization error of the least-squares optimization for second-order linear PDEs
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and two-layer neural networks, when the right-hand-side function of the PDE is in a
Barron-type space and the least-squares optimization is regularized with a Barron-type
norm, without the overparametrization assumption.
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gence, Generalization error
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1 Introduction

Deep learning, originated in computer science, has revolutionized many fields
of science and engineering recently. This revolution also includes broad appli-
cations of deep learning in computational and applied mathematics, e.g., many
breakthroughs in solving partial differential equations (PDEs) (Dissanayake and
Phan-Thien, 1994; Lagaris et al., 1998; Rudd and Ferrari, 2015; Carleo and
Troyer, 2017; Han et al., 2018; E et al., 2017; Berg and Nystrom, 2018; Khoo
et al., 2019; Raissi et al., 2019; Sirignano and Spiliopoulos, 2018; Huang et
al., 2020; Gu et al., 2020b). The key idea of these approaches is to reformulate
the PDE solution into a global minimizer of an expectation minimization prob-
lem, where deep neural networks (DNNGs) are applied for discretization and the
stochastic gradient descent (SGD) is adopted to solve the minimization prob-
lem. These methods probably date back to the 1990s (e.g., see Dissanayake and
Phan-Thien, 1994; Lagaris et al., 1998) and were revisited recently (Rudd and
Ferrari, 2015; Han et al., 2018; E et al., 2017; Berg and Nystrom, 2018; Khoo
et al., 2019; Sirignano and Spiliopoulos, 2018; Raissi et al., 2019) due to the
significant development of GPU computing that accelerates DNN computation.
Though these approaches have remarkable empirical successes, their theoretical
justification remains vastly open.

For simplicity, let us use a PDE defined on a domain €2 in a compact form
with equality constrains to illustrate the main idea, e.g.,

{Eu:f in ,

(1.1)
Bu=g ono,

where L is a differential operator and B is the operator for specifying an appro-
priate boundary condition. In the least squares-type methods, DNNs, denoted as
¢ (x; @) with a parameter set 0, are applied to parametrize the solution space of
the PDE and a best parameter set 6 is identified via minimizing an expectation
called the population risk (also known as the population loss):

0p = argmin Rp(0)
0

=Ex~v@ [L(LD(x;0), f(x)]+vEs~voo) LB (x;0), g(x))],
(1.2)
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with a positive parameter ¥ and a loss function typically taken as £(y, y’) =
%| y — y'|?, where the expectations are taken with uniform distributions U (2)
and U (0€2) over 2 and 9€2, respectively. To implement the expectation mini-
mization above using the gradient descent method (GD), a discrete set of sam-
ples are randomly drawn to obtain an empirical risk (or empirical loss) function

Rs(0) := L D ULp(xis0), f(xi) + yl D> Bh(xi0), g(xi)
n n
{xi)_, cQ {xi)_, CoQ

(1.3)
used in each GD iteration to update #. The set of random samples is usually
renewed per iteration resulting in the SGD algorithm for minimizing (1.2). In
this paper, we will focus on the case when these samples are fixed in all itera-
tions. There are mainly three theoretical point of view to study the above deep
learning-based PDE solver:

1. Approximation theory: given a budget of the size of DNNs, e.g. width m
and depth L, or a budget of the total number of parameters Npara, What is the
accuracy of ¢ (x; 8p) approximating the solution of the PDE?

2. Optimization convergence: under what condition can gradient descent con-
verges to a global minimizer of (1.2) and (1.3)?

3. Generalization analysis: if only finitely many samples are available, how
good is the global minimizer of (1.3) compared to the global minimizer of
(1.2)?

Deep network approximation theory has shown that DNNs admit powerful
approximation capacity. First, DNNs can approximate high-dimensional func-
tions with an appealing approximation rate, e.g., Barron spaces (Barron, 1993; E
et al., 2019b,a), Korobov spaces (Montanelli and Du, 2019), band-limited func-
tions (Chen and Wu, 2019; Montanelli et al., 2019), compositional functions
(Poggio et al., 2017; E et al., 2019c), smooth functions (Yarotsky and Zhevn-
erchuk, 2019; Lu et al., 2020a; Montanelli and Yang, 2020), solution spaces of
certain PDEs (Hutzenthaler et al., 2019), and even general continuous functions
(Shen et al., 2021b,a). Second, DNNs can achieve exponential approximation
rates, i.e., the approximation error exponentially decays when the number of
parameters increases, for target functions in the polynomial spaces (Yarotsky,
2017; Montanelli et al., 2019; Lu et al., 2020a), the smooth function spaces
(Montanelli et al., 2019; Liang and Srikant, 2016), the analytic function space
(E and Wang, 2018), the function space admitting a holomorphic extension to
a Bernstein polyellipse (Opschoor et al., 2019), and even general continuous
functions (Shen et al., 2021b). Theories in deep network approximation have
provided attractive upper bounds of the accuracy of ¢ (x; @p) approximating
the solution of the PDE in various function spaces. In realistic applications, it
might be more interesting to characterize deep network approximation in terms
of m and L simultaneously than the characterization in terms of Np,r,. We refer
reader to Shen et al. (2019, 2020); Lu et al. (2020a); Shen et al. (2021b); Yang
and Wang (2020) for examples in terms of m and L.
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Though DNNs are powerful in terms of approximation theory, obtaining the
best DNN ¢ (x; 6p) in (1.2) to approximate the PDE solution is still challeng-
ing. It is conjectured that, under certain conditions, SGD is able to identify an
approximate global minimizer of (1.2) with accuracy depending on Np,r, and
the sample size n. Though deep learning-based PDE solvers have been proposed
since the 1990s, there might be no existing literature to investigate this conjec-
ture, to the best of our knowledge. In this paper, assuming that the same set of
random samples are used in minimizing (1.3), it is shown that GD can converge
to a global minimizer of (1.3), denoted as 8 g, for second-order linear PDEs and
two-layer neural networks, as long as Npar, is sufficiently large depending on n,
i.e., in the overparametrization regime. Furthermore, we will quantify how good
the global minimizer s of the empirical loss in (1.3) is compared to the global
minimizer 8 of the population loss in (1.2), when the empirical loss is regu-
larized with a penalty term using the path norm of # and the PDE solution is in
a Barron-type space, a variant of the Barron-type space in Barron (1993); E et
al. (2019b). Our analysis is an extension of the seminal work of neural tangent
kernels (Jacot et al., 2018; Du et al., 2018, 2019) and the generalization analysis
in Barron (1993); E et al. (2019b) for function regression problems to the case
of PDE solvers.

Though the convergence of deep learning-based regression under the over-
parametrization assumption has been proposed recently (Jacot et al., 2018;
Du et al., 2018; Mei et al., 2018; Du et al., 2019; Lu et al., 2020b), we
would like to emphasize that the minimization of solving a PDE via (1.2) is
more difficult and technical. In the case of solving PDEs, differential opera-
tors have changed the optimization objective function considered in the liter-
ature. Balancing between the differential operator and the boundary operator
makes it more challenging to solve the optimization problem. For example,
we consider a second order elliptic equation with variable coefficients, i.e.,
Lu = f where Lu = ZZ p=1 Agp(X)tty,x,. Given a two-layer neural network
d(x;0) =37, aka(w;x) with an activation function o (z) = max{0, %13} to
parametrize the PDE solution, solving the original PDE via deep learning is
equivalent to solving a regression problem with another type of neural net-
work f(x;0) = LPp(x;0) =Y 1 axw] A(x)wo” (w]x) to fit f(x). Note
that 0”(z) = ReLU(z) = max{0, z}. Thus, the dependence of f(x;®#) on wy
is essentially cubic rather than linear (more precisely, positive homogeneous).

The generalization analysis of deep learning-based regression under the
overparametrization assumption was studied recently in Jacot et al. (2018); Cao
and Gu (2019); Chen et al. (2019). The generalization analysis with a regulariza-
tion term based on the path norm without the overparametrization assumption
was proposed in E et al. (2019b,a, 2020). In the case of PDE solvers, differen-
tial operators have enhanced the nonlinearity of the generalization analysis and
hence make it more difficult to analyze. In the case of Linear Kolmogorov Equa-
tions and parabolic PDEs, examples of generalization analysis of PDE solvers
were presented in Berner et al. (2018); Han and Long (2018). In the case of
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linear second-order elliptic and parabolic type PDEs, the generalization error of
the physics-informed neural network was analyzed in Shin et al. (2020). How-
ever, the generalization analysis for generic PDEs is vastly open. Our attempt
is for second-order linear PDEs with variable coefficients. Let us consider the
second order elliptic equation with variable coefficients in the above paragraph
again. The variable coefficients Ayg(x) lead to highly nonlinearity in the net-
work f(x;0) depending on x, since we do not make any assumption on the
smoothness of A(x). We develop new analysis of the Rademacher complex-
ity to overcome these difficulties. Unlike existing work, our a priori estimates
do not require any truncation on f(x; ) (or ¢(x;@)). This is important be-
cause a common truncation trick does not lead to the boundedness of f(x;0)
in our PDE solver. In fact, if one considers the standard truncation on ¢ (x; ),
e.g., Tio.11¢ (x; ) := min{max{¢(x; 0), 0}, 1}, then L[T}0,17¢ (x; @)] might still
be unbounded because L is a second order differential operator. Another naive
trick is to truncate f(x;#0), i.e., Tjo,11f (x; 8) := min{max{ f (x; ), 0}, 1}. But
this does not make sense since we want to find a solution satisfying L¢ (x; ) =
f(x) instead of To,11Ld (x; 0) ~ f(x).

This paper will be organized as follows. In Section 2, deep learning-based
PDE solvers will be introduced in detail. In Section 3, our main theorems for
the convergence and generalization analysis of GD for minimizing (1.3) will
be presented. In Section 4, the proof of the GD convergence theorems will be
shown. In Section 5, the proof of the generalization bound will be given. Finally,
we conclude our paper in Section 6.

2 Deep learning-based PDE solvers

We will introduce deep learning-based PDE solvers with necessary notations in
this paper in preparation for our main theorems in Section 3.

2.1 Notations, definitions, and basic lemmas

The main notations of this paper are listed as follows.

e Vectors and matrices are denoted in bold font. All vectors are column vectors.

e For a parameter set ©®, vec{®} denotes the vector consists of all the elements
of ©.

e [n] denotes {1,2,...,n}.

e || -]l1 and | - ||co represent the £; and £, norms of a vector, respectively.

e Big “O” notation: for any functions g1, g2 : R — R™, g1(z) = 0(g2(2)) as
7 — +oo means that g1 (z) < Cg»(z) for some constants C, zg and any z > zo.

e Small “o0” notation: for any functions g, g2 : R — R™, g1(2) = 0(g2(2)) as

Z — 400 means that lim;_, 5 1@

e Let 0 : R — R denote the activation function, e.g., o (x) = max{0, %x3} is
the activation function used in this paper. With the abuse of notations, we
define o : R — R as o (x) = (max{0, x1}, ..., max{0, x4})T for any x =
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x1,...,x9)T € R4, where T denotes the transpose of a matrix. Similarly, for
any function f defined on R and vector x € R4, f)=[f&x),..., fx]T.

Mathematically, DNNs are a form of function parametrization via the com-
positions of simple nonlinear functions (Goodfellow et al., 2016). Let us focus
on the so-called fully connected feed-forward neural network (FNN) defined
below. The FNN is a general DNN structure that includes other advanced struc-
tures as its special cases, e.g., convolutional neural network (Goodfellow et al.,
2016), ResNet (He et al., 2015), and DenseNet (Huang et al., 2016).

Definition 2.1 (Fully connected feed-forward neural network (FNN)). An FNN
of depth L defined on R is the composition of L simple nonlinear functions as
follows:

¢(x;0):=aTht o pE"Ho .. o B (x),

where hl(x) = o (Wlx 4 b"l) with Wl € Rm>mi-1 b € R™ for | =
1,...,L,a e R" mg=d, and o is a nonlinear activation function. Each pt
is referred as a hidden layer, m; is the width of the /-th layer, and L is called the
depth of the FNN. 6 := vec{a, (wi, b[l]}f‘: 1} denotes the set of all parameters

in ¢.

g, In fact, for

Without loss of generality, we consider FNNs omitting b!
a network with b'’s, one can simply set ¥ = (xT, 1)T and W[l] = (wli_plily
for each [ € [L], and work on 6 = vec{a, {W”]}IL:1} by noting that W[“i =
wlx + bl In this paper, we will focus on networks with L = 1.

To analyze PDE solvers, we introduce a new kind of Barron functions with
their associated Barron norm, and a path norm defined below.

Definition 2.2 (Path norm). The path norm of a two-layer neural network
m
P(x:0)=) aro(wix),
k=1
with an activation function o and a parameter set  is defined as

m

3
101p =" lajllw;l3.

j=1

Definition 2.3. A function f : Q — R is called a Barron-type function if f has
an integral representation

F(x)=E@guw~palwTAx)we” (wTx) 4+ b7 (x)wo’ (wTx) + c(x)o (wTx)]

forall x €,



Two-layer neural networks for partial differential equations Chapter | 11 521

where p is a probability distribution over R?*!. The associated Barron norm of
a Barron-type function is defined as

1/2

: 2

105 i= inf (Eurplallwlf) ",
pePy

where Py ={p | f(x) =E@wy~palwTAx)wo"(wTx) + b7 (x)wo' (wTx) +
c(x)o(wTx)], x € Q}. The Barron-type space is defined as B(Q) ={f : Q2 —
RIIfllB < oo}

Since Rp(@) cannot be realized in realistic applications due to the fact that
the empirical loss Rg(0) of finitely many samples is actually used in the com-
putation, an immediate question is: how well ¢ (x; 05) =~ ¢ (x; 0p)? Here O is
a global minimizer when we minimize the empirical loss of Rg(@). This is the
generalization error analysis of deep learning-based PDE solvers and we will
use the Rademacher complexity below to estimate the generalization error in
terms of |Rp(@s) — Rs(fs)|.

Definition 2.4 (The Rademacher complexity of a function class F). Given a
sample set S = {zy,...,z,} on a domain Z, and a class F of real-valued func-
tions defined on Z, the empirical Rademacher complexity of F on S is defined
as

1 n
Radg(F) = ;E, [su]p:Zrif(zi):| ,
feriz

where 7y, ..., T, are independent random variables drawn from the Rademacher
distribution, i.e., P(t; =+1) =P(r; = —1) = L fori = 1,...,n.

The Rademacher complexity is a basic tool for generalization analysis. In
our analysis, we will use several important lemmas and theorems related to it.
For the purpose of being self-contained, they are listed as follows.

First, we recall a well-known contraction lemma for the Rademacher com-
plexity.

Lemma 2.1 (Contraction lemma (Shalev-Shwartz and Ben-David, 2014)). Sup-
pose that ¥; : R — R is a Cy-Lipschitz function for each i € [n]. For any y €
R™, let y(y) = (W1(1), -+, ¥ (yu))T. For an arbitrary set of functions F on
an arbitrary domain Z and an arbitrary choice of samples S = {z1,...,2,} C
Z, we have

Radgs (¥ o F) < CLRadg(F).

Second, the Rademacher complexity of linear predictors can be character-
ized by the lemma below.

Lemma 2.2 (Rademacher complexity for linear predictors (Shalev-Shwartz and
Ben-David, 2014)). Let © = {wy, -+, w,,} € R Let G = {g(w) = wTx :
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lx|l1 < 1} be the linear function class with parameter x whose e' norm is
bounded by 1. Then

2log(2d
Rade(0) < max [wgllaoy) —ED.
1<k<m m

Finally, let us state a general theorem concerning the Rademacher complex-
ity and generalization gap of an arbitrary set of functions F on an arbitrary
domain Z, which is essentially given in Shalev-Shwartz and Ben-David (2014).

Theorem 2.1 (Rademacher complexity and generalization gap (Shalev-Shwartz
and Ben-David, 2014)). Suppose that f’s in F are nonnegative and uniformly
bounded, i.e., for any f € F and any z € Z, 0 < f(z) < B. Then for any §
(0, 1), with probability at least 1 — § over the choice of n i.i.d. random samples

S={z1,...,2,} C Z, we have
log(2/6§
ngsRads(f)JrB‘/%/),
n

< 2tz 38, B

sup

1 n
=Y @) —Ef )
feF

n
i=1

sup
feF

1 n
=) f@) —E:f(2)

i=1

2.2 Expectation minimization

We will focus on the least-squares method in (1.2) for the boundary value prob-
lem (BVP) in (1.1) to discuss the expectation minimization, though the expecta-
tion minimization can either be formulated from the least-squares method (Berg
and Nystrom, 2018; Sirignano and Spiliopoulos, 2018; Raissi et al., 2019) or
the variational formulation (E and Yu, 2018; Liao and Ming, 2019). As we shall
see in the next subsection, an initial value problem (IVP) can also be formulated
into a BVP and solved by the expectation minimization in this subsection.

The objective function in (1.2) consists of two parts: one part for the PDE
operator in the domain interior and another part for the boundary condition at
the boundary. Therefore, GD has to balance between these two parts and its per-
formance heavily relies on the choice of the parameter y in (1.2). To remove
the hyperparameter y and solve the balancing issue, we will introduce special
DNNs in Gu et al. (2020b,a) satisfying various boundary conditions by design,
i.e., Bo(x; 0) = g(x) is always fulfilled on d€2. Then the expectation minimiza-
tion in (1.2) is reduced to

bp = arg;nin Rp(0) :=Exeq[€(Le(x;0), f(x))]. 2.1

Special neural networks for three types of boundary conditions will be intro-
duced. Without loss of generality, we will take the example of one-dimensional
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problems on the domain Q2 = [a, b]. Networks for more complicated boundary
conditions in high-dimensional domains can be constructed similarly.

Case 1. Dirichlet Boundary Conditions: u(a) = ag, u(b) = by.

In this case, two special functions A1(x) and h>(x) are used to augment
a neural network ¢(x; @) to construct the final neural network ¢ (x; @) as the
solution network:

¢ (x;0) =hi(x)p(x; 0) + ha(x).

h1(x) and h;(x) are chosen such that ¢ (x; @) automatically satisfies the Dirich-
let boundary conditions no matter what 6 is. Then ¢ (x; @) is trained to satisfy
the differential operator in the interior of the domain €2 by solving (2.1).

To achieve this goal, &1(x) and hy(x) are constructed for two purposes:
1) construct i1(x) such that hl(x)qNS(x; 0) satisfies the homogeneous Dirich-
let boundary condition; 2) construct /> (x) such that 4, (x) satisfies the given
inhomogeneous Dirichlet boundary conditions. Therefore, &1 (x) can be set as

hi(x) = (x —a)?*(x — b)P’,
where 0 < ps, pp <1, and hy(x) can be chosen as
ha(x) = (bo —ag)(x —a)/(b —a) + ap.

Note that p, and pj should be chosen appropriately to avoid introducing a sin-
gular function that ¢ (x; @) needs to approximate. For instance, if the exact PDE
solutionis u(x) = (x —a)’(x —b)*v(x) + h1(x) with v(x) as a smooth function
and s > 0, p, = pp > s results in <13(x; 0)~ (x —a)* Pa(x —b)’~"Pby(x), which
makes the approximation very challenging.

Case 2. Mixed Boundary Conditions: u'(a) = ag, u(b) = by.

Similar to Case 1, two special functions /1 (x) and s, (x) are used to augment
a neural network ¢(x; @) to construct the final neural network ¢ (x; @) as the
solution network:

¢ (x;0) = h1(x)p(x; 0) + ha(x).

h1(x) and h;(x) are chosen such that ¢ (x; @) automatically satisfies the mixed
boundary conditions no matter what @ is. Then ¢ (x; @) is trained to satisfy the
differential operator in the interior of the domain €2 by solving (2.1).

To achieve this goal, /1 (x) and h;(x) are constructed as

hi(x) = (x —a)Pe
with 1 < p, <2 and h>(x) can be chosen as

ha(x) = —(b — a)P¢(b; 0) + aox + by — aph.
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Case 3. Neumann Boundary Conditions: u'(a) = ag, u'(b) = by.

Similar to Cases | and 2, we augment a neural network (ﬁ(x; ) to construct
the final neural network ¢ (x; 0, ¢y, ¢2) as the solution network:

D(x:0,c1,02) = exp(%)(x — @) ((x — b)Y G(x: ) +¢2) + 1

(bo — ao) 2
—(x—a apx,
+ 26—a) ( )" +ao
where 1 < p,, pp <2, c¢1 and ¢; are two parameters to be trained together with
0. Then ¢(x; 0,1, cr) automatically satisfies the Neumann boundary condi-
tions no matter what parameters are and ¢ (x; @, c1, c2) is trained to satisfy the
differential operator in the interior of the domain €2 by solving (2.1).

2.3 Scope of analysis and applications

In Section 2.2, we have simplified the optimization problem from (1.2) to (2.1)
for BVP in (1.1). Now we will show that various initial/boundary value prob-
lems can be formulated as a BVP in the form of (1.1). This helps us to simplify
the optimization convergence and generalization analysis of deep learning-based
PDE solvers to the case of BVP in (1.1) solved by (2.1). The analysis of a larger
scope of applications has been naturally included in the analysis of BVPs.

Let us assume that the domain  C R? is bounded. Typical PDE problems
of interest can be summarized as:

e Elliptic equation:

Lu(x) = f(x)in Q,

(2.2)
Bu(x) = go(x) on 092.
e Parabolic equation:
du(x, .
”(a’i D fuGe.t) = fGx.0)inQ x 0. 7).
Bu(x,t)=go(x,t) on 92 x (0, T), (2.3)
u(x,0) =ho(x) in Q.
e Hyperbolic equation:
3u(x, 1) ,
a2 Lu(x,t)= f(x,t)in 2 x (0,T),
Bu(x,t)=go(x,t) on 92 x (0, T), 2.4)

du(x,0)

u(x,0) =ho(x), a7

— Iy (x) in 2.
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In the above equations, u is the unknown solution function; f, go, ho, 1 are
given data functions; £ is a spatial differential operator with respect to x; B is a
boundary operator specifying a certain type of boundary conditions.

As discussed in Gu et al. (2020b), when the temporal variable ¢ is treated
as an extra spatial coordinate, we can unify the above initial/boundary value
problems in (2.2)-(2.4) in the following form

Lu(y)= f(y)in Q,

. 2.5)
Bu(y)=g(y)inT,

where y includes the spatial variable x and possibly the temporal variable ¢;
Lu = f represents a generic time-independent PDE; Bu = g specifies the orig-
inal boundary condition on x and possibly the initial condition of ¢; Q and "
are the corresponding new domains of the equations. For the purpose of conve-
nience, we will still use the BVP in (1.1) instead of (2.5) afterwards.

Though deep learning-based PDE solvers work for high-order differential
equations in general domains, we consider second order differential equations
with variable coefficients in € = [0, 1]¢ in our analysis. The generalization to
high-order differential equations and other domains follows straightforwardly
and we leave it as future work. We will use the second order differential operator
L in a nondivergence form

d d
Lu = Z Aap (X, xs + Z b (X)tty, + c(x)u. (2.6)
a,B=1 a=1

If £ is in a divergence form, e.g.,

d d
Lu = Z (Aaﬂ(X)an)xﬁ + Zba(x)uxoz +C(x)l/t,
a,f=1

a=1

then we can represent it in a nondivergence form as

d d
Lu= " Aqg@)res+ D bo(®)us, + c(x)u
o,f=1 a=1
with
d
. 9A
by = by + Z a—aﬂ.
p=1 TP

Recall that we introduce two functions /1 (x) and /> (x) to augment a neural
network ¢ (x; €) to construct the final neural network

¢ (x;0) =hi(x)(x; 0) + ha(x)



526 Numerical Analysis Meets Machine Learning

as the solution network that automatically satisfies given Dirichlet boundary
conditions, which makes it sufficient to solve the optimization problem in (2.1)
to get the desired neural network. In this case, L¢ (x; @) = f(x) is equivalent to
Lo(x;0) = f(x), where

a=1

d d
L= Agp(®)yyny + Y ba(X)ity, +E(x),
a,B=1

Aup(x) = Agp(x)h1 (x),
d
ba(x) = b ()h1(X) + Y (Ap(X) + Apa (X)) dyh1 (x),
p=1

d d
EX)= ) Aap(x)y, desh1(X) + Y ba(x)dy, h1(x) + c(x)h (x),
ao,f=1 a=1
and
fx) = fx) — L(ha(x)).

Therefore, the optimization convergence and generalization analysis of (2.1) is
equivalent to

0p = arg;nin Rp(8) :=FErcq [e(&is(x; 9), f(x))] : (2.7)

which gives
¢ (x;0p) = hi(x)(x; 0p) + ha(x)

as a best solution to the PDE in (1.1) parametrized by DNNs. The corresponding
empirical risk is

1 - -
Rs(0):=; . ULpxis0), f(xi), (2.8)

{(xi}f_,cQ
which gives 8 g = argmingy Rs(6) and
¢ (x5 05) = h1(X)p(x; 05) + ho(x).

Similarly, in the case of other two types of boundary conditions, the corre-
sponding optimization problem in (1.2) can also be transformed to (2.7) and its
discretization in (2.8) with an appropriate differential operator L and a right-
hand-side function f .

In sum, the discussion in Section 2.2 and here indicates that the optimization
and generalization analysis of deep learning-based PDE solvers for various IVPs
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and BVPs with different boundary conditions can be reduced to the analysis of
(2.7) and (2.8) with Lina nondivergence form. In the next section, we will
present our main theorems for this analysis. For simplicity, we will still use the
notation of £ and f instead of L and f in our analysis afterwards.

3 Main results

In this section, we introduce our main results on the convergence of GD and
the generalization error of neural network-based least-squares solvers for PDEs
using two-layer neural networks on € = [0, 1]¢. Throughout our analysis, we
assume | f| < 1 and focus on second-order differential operators £ given in (2.6)
satisfying the assumption below.

Assumption 3.1 (Symmetry and boundedness of £). Throughout the analysis
of this paper, we assume L in (2.6) satisfies the condition: there exists M > 1!
such that for all x € Q = [0, 11, «, B € [d], we have Agp = Apa

|Aap(X)| =M, |bo(x)| <M, and |c(x)[<M. 3.1

First, we show that, under suitable assumptions, the empirical risk Rg (@) of
the PDE solution represented by an overparametrized two-layer neural network
converges to zero, i.e., achieving a global minimizer, with a linear convergence
rate by GD. In particular, as discussed in Section 2, it is sufficient to prove the
convergence for minimizing the empirical loss

1
s =argminRs(0):=— Y L(Lp(xi:0), f(xi),  (32)
0 n
S={x;}i_,cQ

where S := {x;}?_, is a given set of i.i.d. samples with the uniform distribution
D over 2 = [0, l]d, and the two-layer neural network used here is constructed
as

$(x:0) =) aro(w]x), (3.3)

k=1

where for k € [m], ar € R, wy € R?, 0 = Vec{ak,wk}Z’:l, and o(x) =
max{%x3, 0}. Our main result of the linear convergence rate is summarized in
Theorem 3.1 below.

Theorem 3.1 (Linear convergence rate). Let 0° = vec{a,?, wg}zlzl at the GD
initialization for solving (3.2), where a,? ~ N(0, y?) and wg ~ N0, I;) with

1 The upper bound M is not necessarily greater than 1. We set this for simplicity.
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any y € (0,1). Let Cq :=E|lw||}* < -+oo with w ~ N'(0, 14) and )g be a posi-
tive constant in Assumption 4.1. For any § € (0, 1), if

512n*M*Cy 200v2Md3nlog(4m(d + 1)/8)v/ Rs(8°)
m > max 3 , , (B4
)‘SS AS
2B M3d%n2 (log(dm(d + 1)/8))*V/Rs(8°) } 55)
22 ’ ’

then with probability at least 1 — § over the random initialization 0°, we have,
forallt >0,

Rs(0(1)) < exp <—mzst) Rs(6°).

Remark 3.1. For the estimate of Rg (00), see Lemma 4.2. In particular, if y =
O(W), then Rs(8°) = O(1). One may also use the Anti-Symmetrical
Initialization (ASI) (Zhang et al., 2019), a general but simple trick that ensures
Rs(0") < 3.

Second, we prove that the a posteriori generalization error |Rp(0) — Rs(0)|

2
is bounded by O <Il9| 1;%'0”73) where ||@]|p is the path norm introduced in

Definition 2.2, and the a priori generalization error Rp(fs ;) is bounded by

2 2
(0] (“;#) + 0 w>, where || f||g is the Barron norm for Barron-

type functions f(x) introduced in Definition 2.3, and @ , is a global minimizer
of a regularized empirical loss using the path norm. Our results of the general-
ization errors can be summarized in Theorems 3.2 and 3.3 below.

Theorem 3.2 (A posteriori generalization bound). Forany$ € (0, 1), with prob-
ability at least 1 — § over the choice of random samples S := {x;}_, in (3.2),
for any two-layer neural network ¢ (x; 0) in (3.3), we have

2
|Rp(0) — Rs(8)| < M)%DZMZ(Mdz,/ﬂode)
n

+ log[z (||0]lp + 1)] + +/210g(1/36)).
Theorem 3.3 (A priori generalization bound). Suppose that f (x) is in the Bar-

ron-type space B([0, 119) and » > 4M?[2 + 14d2\/2 log(2d) + \/2 log(2/36)].
Let

. A
s = argmin J5.1.(0) := Rs(0) + 7 16115 logl (I1811p + 1)].
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Then for any § € (0, 1), with probability at least 1 — § over the choice of random
samples S :={x;}7_, in (3.2), we have

Rp(0s,) :=Exp3(Lo(x:05,) — f(x))*
2 2 2
MRS DI
<— N
x |1og[n(2|| fllg + D1 + 14d2/log2d) + \/log(2/36)} . (3.6)

(41 + 16M?)

The proof of Theorem 3.1 will be given in Section 4 and the proofs of The-
orems 3.2 and 3.3 will be presented in Section 5.

4 Global convergence of gradient descent

In this section, we will prove the global convergence of GD with a linear con-
vergence rate for deep learning-based PDE solvers as stated in Theorem 3.1. We
will first summarize the notations and assumptions for the proof of Theorem 3.1
in Section 4.1. Several important lemmas will be proved in Section 4.2. Finally,
Theorem 3.1 is proved in Section 4.3.

4.1 Notations and main ideas

Let us first summarize the notations and assumptions used in the proof of The-
orem 3.1.

Recall that we use the two-layer neural network ¢(x;8) in (3.3) with
0 = vec{ag, wk}km:1- In the GD iteration, we use ¢ to denote the iteration or
the artificial time variable in the gradient flow. Hence, we define the following
notations for the evolution of parameters at time ¢:

api=ap(t), wi=wr(t), 0" :=0(r):=veclay, wi};_,.

In the analysis, we also use al=ar(t):=y~!
L or y = % 0 (1) means vec{c—l,’(, wf(}j{"zl. Similarly, we can introduce ¢ to other

N
functions or variables depending on € (¢). When the dependency of ¢ is clear, we

will drop the index ¢. In the initialization of GD, we set

ar() withO<y <l,eg,y=

ad == a(0) ~N©0,7H, w:=wi(0)~N(O,I,),

. 4.1
0°:=0(0) := vec{a,?, w2}k:l‘

Note that we use o (x) = max{%x3, 0} as the activation of our two-layer
neural network. Therefore, o/ (x) = max{%xz,O}, and ¢”(x) = ReLU(x) =
max{x, 0}. For simplicity, we define

Jo(x):= f(x;0):=L(x;0)
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= Zak[sz(x)wko”(w,Ix) + b7 (x)wio' (w]x) + c(x)o (w]x)],
k=1
(4.2)

which can be treated as a special two-layer neural network for a regression prob-

lem fy(x) ~ f(x).
For simplicity, we denote e¢; = fp(x;) — f(x;) for i € [n] and e =
(e1, €2, ...,e,)T. Then the empirical risk can be written as

1 <& 1
Rs®) =5~ > (foxi) = fxi)? = SoeTe.
i=1

Hence, the GD dynamics is

0 =—VpRs(0), (4.3)
or equivalently in terms of a; and wy as follows:

ar = —Vg Rs(0)
n
— ! . T , T Ty T(y: "(wT x:
=— D ei|wl Axpwio” (wlx;) + b7 (xi)wio” (w] x;)
i=1
+ (o w]x) ],
Wy = — Vi, Rs(0)
1 n
= Y w246 w0 @] x) + w] A wio @ w]x)x;

n <
i=1

+ o' (Wlx)bx;) + b7 (x)wio" (w]x)x; + c(xi)o’(w,fxi)xi].
Adopting the neuron tangent kernel point of view (Jacot et al., 2018), in the
case of a two-layer neural network with an infinite width, the corresponding
kernels k@ for parameters in the last linear transform and k) for parameters
in the first layer are functions from € x €2 to R defined by
K9, x") :=Eyopnro.1,)8 " (w; x, x"),
KW (x,x)) = E(a’w)NN(O,IdH)g(w) (a, w; x,x"),

where

g w;x,x")
= [wTA@)wo" (wTx) + b7 (x)wo'(wTx) + c(x)o (wTx)]

[wTAEHwo”" (wTx) + 5T (xYwo' (wTx') + c(x)o (wTx"],
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g™ (@, wix,x")

= a2[2A(x)wo”(wa) +wTA@)wo D W Tx)x + o’ (wTx)b(x)
+bT (@) wo" (wTx)x + c(x)o’'(wTx)x] - [2A(xYwo” (wTx")
+wTAX ) wo® (wTx)x' + o' (wTx")b(x’)

+bT(xwo" (wTx")x" + c(x)o’ (wTx")x].

These kernels evaluated at n x n pairs of samples lead to n x n Gram matrices
K@ and K™ with Kl.(j“) =k@(x;,x;) and Kl.(;”) = k™ (x;, x ), respectively.
Our analysis requires the matrix K“ to be positive definite, which has been
verified for regression problems under mild conditions on random training data
S = {x;}7_, and can be generalized to our case. Hence, we assume this as fol-

lows for simplicity.

Assumption 4.1. We assume that
AS := Amin (K(a)) > 0.

For a two-layer neural network with m neurons, the n x n Gram matrix
GO =GP0)+G™ @) is given by the following expressions for the (i, j)-th
entry

1 m
Gy 0):=—3 ¢ (wisxix)),
k=1

1 m
G (0= — 3 "¢ (@ wi xi x ).
k=1

Clearly, G (#) and G™ (8) are both positive semi-definite for any . By using
the Gram matrix G (@), we have the following evolution equations to understand
the dynamics of GD:

d 1 &
Gl === Gij®)(fox)) = f(x)))

j=1

and

% Rs(8) = 1 Ve Rs®)12 = P TGO < - eTG OO, (44
dr n n

Our goal is to show that the above evolution equation has a solution fp(x;)
converging to f(x;) for all training samples x;, or equivalently, to show
that Rg(#) converges to zero. These goals are true if the smallest eigenvalue
Amin (G(“)(G)) of G (#) has a positive lower bound uniformly in 7, since in
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this case we can solve (4.4) and bound Rg(#) with a function in ¢ converging to
zero when ¢ — oo as shown in Lemma 4.4. In fact, a uniform lower bound of
Amin (G<“> (0)) can be %AS, which can be proved in the following three steps:

o (Initial phase) By Assumption 4.1 of K @ we can Show Amin (G(“) ] (0))) o~
As in Lemma 4.3 using the observation that Kf;?) is the mean of g(w; x;, x ;)

over the normal random variable w, while nga.)(O(O)) is the mean of
g(w; x;, x j) with m independent realizations.

e (Evolution phase) The GD dynamics results in 6(¢) ~ #(0) under the as-
sumption of overparametrization as shown in Lemma 4.5, which indicates
that

hain (G 0(0))) ~ hmin (G 0(1)))

e (Final phase) To show the uniform bound Ap;p (G(“)(0(t))) > %A s for all
t > 0, we introduce a stopping time ¢* via

t* =inf{z | 0(r) ¢ /\/1(00)}, 4.5)
where

M%) = {0 1HIG@0) — G @%|Ir < %Ks} : (4.6)

and show that ¢t* is in fact equal to infinity in the final proof of Theorem 3.1
in Section 4.3.

4.2 Proofs of lemmas for Theorem 3.1

In this subsection, we will prove several lemmas in preparation for the proof of
Theorem 3.1.

Lemma 4.1. For any § € (0, 1) with probability at least 1 — & over the random
initialization in (4.1), we have

m(d + 1)
max {1201, s | <
ke[m]
2m(d +1
max |ak| <y
ke[m]

Proof. If X ~ N(0, 1), then P(|X| > &) < 26_%82 for all ¢ > 0. Since 6_11? ~
N(@©O, D), (wg)a ~ N (0, 1) for k € [m], a € [d], and they are all independent, by
setting

4.7)

2m(d + 1
o 210g$,
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one can obtain
]P’(max {181, 1wfloe| > e)
ke[m]
(| U {|ak|>e} U {|(w2)a|>8}

ke[m] ke[m],aeld]

SZ (1291 > ¢) +ZZIP’(I(wk) > ¢)

= k=1a=1

3

1.2 1.2
<2me” 2% 4+ 2mde™ 2°¢

—2m(d + 1)e ¢

which implies the conclusions of this lemma. O

Lemma 4.2. For any § € (0, 1) with probability at least 1 — & over the random
initialization in (4.1), we have

1 4md +1)\?
Rg(0°) < 5(1 432y J/mMd® (log %)

2
x <\/210g(2d) + \/Zlog(8/8)>) :

Proof. From Lemma 4.1 we know that with probability at least 1 — §/2,
4m(d + 1 dm(d + 1
@1 = 2106 CED and s <y 2108 TEED

H={h(a,w;x)|ha, w;x) =c'z[wTA(x)w0”(wa) +bT(x)wo' (wTx)

Let

+ c(x)o(wa)], x € Q.

Note that A, b, and ¢ are known functions of x. Each element in the above set
is a function of @ and w while x € @ =1[0, 1]% is a parameter. Since ||x /o0 < 1,
we have

_ _ 1 1
lh@, w?; x)| < |a!| [angn? + §M||w2||? + EM”“’E”?}

011,003
< 2Mlag||lwgl

dm(d + 1))2

<8Md? <log ;
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Then with probability at least 1 — /2, by the Rademacher-based uniform con-
vergence theorem, we have

I — _ _
- Zh(a;?, w?; x) — E@wy~N©,1,.)h (@, w; x)
k=1

4md+ 1)\ [21log(8/3
< 2Radyo(H) +24Md> (log ’"(3*' )> W’
m

1
— sup| fgo(x)| = sup
Ym xeQ xeQ

where

1 m
Rado(H) := —E, |:sup > wh(@g, wy; x):| <L+ 5L+,
m xeQ
k=1

1 .
I, = —E; | sup Z rka,gngA(x)wga”(ngx) ,
m | x€Q2

1 B m
=—E | sup ¥ walbTx)wlo’ @Tx) |,
m | xe;

1 m
I =—FE; | sup Zrk&,?c(x)a(szx) ,
m | xeQ T

where 7 is a random vector in N”* with i.i.d. entries {rz};" ; following the
Rademacher distribution.
We only prove for /;. It can be straightforwardly extended to I and /3.

S|~

B m
I E, | sup Z tka,?ngA(x)wga”(ngx)
_xeSZ k=1

S|~

B m
<—FE.;| sup Ztk&,({)ngA(y)wga”(ngx)
Ry

m d
_ 0 0
=—E | sup > > nap(w aAwp(y)w))po” (w, x)
| XY =1 0, p=1

d m
1 _
<> —E, [ supﬂztka,?(ng)aAaﬂ(y)(wg)ﬁa”(w,?Tx)i|. (4.8)
XY k=1

For any «, 8 € [d], we have

m

_ 0 0

Ee| sup > mad(w o Aas () w))po” (wTx)
x,yeSZk=1
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|

Z wa (wy "o (W) po” (w) x)
k=1

+ ME, {S“PZ Tway (w) )a(w/?)ﬁ“”(wgu)]

xeSZk 1

<E, [ sup_ |Aap ()]

3 wal e (W) po” (w)x)

<ME, |:sup
k=1

< ME, [SUPZTka(Wk )a(wg)ﬂa//(w?x)}

kal

—2ME, |:sup > wal (WMo (w) ﬂo”(ngx)] , (4.9)

xEQk:l

where in the third inequality, we have used the fact that o (szx) =0forx =0
and for any wg. Applying Lemma 2.1 with v (yx) = a (ng)a (wk)ﬂ(r”(yk)

3
for k € [m], whose Lipschitz constant is (,/210g 4’"(d+1)> , we have for all

a, B eld]

[suerkak<wk Ja (W) po” (w7 )}

xe k=1
4m(d + 1) ’ -
<|./2log———=] E.|sup Z T ngx ) (4.10)
) xe k=1
Therefore, combining (4.8), (4.9), and (4.10), we obtain

2Md> dm(d + 1)
L < 2log——~
1= = < og 3 sup Zrkwk

erk 1

3 4
< 2Md <,/210gw> J/210g(2d)
Jm 5

- 8Md3,/210g(2d) log 2 + 1))2
o 9
- Jm g 8

where the second inequality is by the Rademacher bound for linear predlctors in

Lemma 2.2. For I and I3, we note that o (z) = 61 25"(z) and o' (z) = 2zcr”(z)
Then by a similar argument, we have

4Md?,/210g(2d) < 4m(d + 1))2
log ,
Jm é

2=
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4Md./210g(2d dm(d + 1)\
I < og( )(log m( +)>’

3= 3 m 5
16Md3,/210g(2d 4 D\?
Rad,o(H) < og( )<log md + )> .
Jm 1)

So one can get

3 4m(d +1)\?
sup| fpo(x)| < 32y Md’/m+/21log(2d) (log 7>

xeQ 1)

2
+ 24y mMd> <1og 4m(‘f37+1)> V210g(8/8)

2
< 32)/\/ﬁMd3 <log 4m(a;—+1)> <\/210g(2d) + \/210g(8/8)) .

Then

n

1
Rs®%) < -3 (1+ [ fp(xnl)’

i=1

1 dm(d + 1)\
< E(l + 32y y/mMd? <log M)

8

2
x <\/210g(2d) 4 \/210g(8/6)>) ,

where the first inequality comes from the fact that | f| < 1 by our assumption of
the PDE. O

The following lemma shows the positive definiteness of G® at initialization.

404
Lemma 4.3. Foranyéd € (0, 1), if m > %, then with probability at least

N
1 — &8 over the random initialization in (4.1), we have
(a) (0 3
Anin (G0%)) = T,
where Cq :=E|lw|[1? < +o00 with w ~ N (0, 1 7).
Proof. We define Q;; := 6°] |G§?)(00) — K§7)| < Z‘—f;}. Note that
(a) 0 0,3 1 03 1 0,3 ? 2 0,6
g (w; x;,x7)| < Mllwk||1+§M||wk||1+8Mllwklll <4AM~ w3
So

2
Var (g(”)(wg; xi, xj)) <E (g(“)(wg; X, xj)) < 16M*E||w||}> = 16M*Cy,
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and

Var(G(”)(é'O) ZVar( @ w; x;, x ])> mfnj.

Then the probability of the event €2;; has the lower bound:

(@) p0
Var (Gi}l (0 )) - 256M4n2cd

N [.s/(@m)]? 32m
n2
42 4 4
Thus, with probability at least (1 — 226M™1°Ca ) > | _ 256Mn°Ca e have
Agm Agm

all events €2;; for i, j € [n] happen. This implies that with probability at least
| — 256M*n'Cy

2
Agm

, we have

IG@ %) — K@ <22
and

3
hain (G 0%)) = 25— 16 0°) — K“ g = J2s.

For any § € (0,1), if m > %, then with probability at least 1 —
256Mn'Cy > 1 — § over the initialization 8°, we have Amin (G(“) (00)) > %AS.

A%m

O

The following lemma estimates the empirical loss dynamics before the stop-
ping time #* in (4.5).
256n* M*Cy
A28
1 — § over the random initialization in (4.1), we have for any t € [0, t*)

Lemma 4.4. Foranyd € (0, 1), ifm > , then with probability at least

Rs(8(1)) <exp (—mz“) Rs(8°).

Proof. From Lemma 4.3, for any 6 € (0, 1) with probability at least 1 — § over
initialization 6° and for any t € [0, t*) with ¢t* defined in (4.5), we have 0(¢) €
M (8°) defined in (4.6) and

Aain (G90)) = 2nin (G6%)) 16 ®) — G|
3 1

> 2 hs— —h
4™ 74”8
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Note that G;j = LV fo(x;) - Vg fo(x ;) and VeRs = 1 3" ¢; Vg fo(x;), s0
IV Rs O[3 = 2eTG@(1)e = —eTG@ @ (1))e,
n n

where the last equation is true by the fact that G™ (0(r)) is a Gram matrix and
hence positive semi-definite. Together with

2
ZeTGOOW)e = ~hmin (G O1)) RsO0)) = s RsB(1),
n n n
then finally we get

d
ast(t)) = —|IVaRs(®0())]5 < _%)»SRS(O(t))-

Integrating the above equation yields the conclusion in this lemma. O

The following lemma shows that the parameters in the two-layer neural net-
work are uniformly bounded in time during the training before time #*.

Lemma 4.5. Foranyé € (0, 1), if

512n*M*Cy 20082Md3nlog(4m(d +1)/8)v/ Rs(0°)

A%S 9 )\S 9

m > max

then with probability at least 1 — § over the random initialization in (4.1), for
anyt € [0, t*) and any k € [m],

lax(®) —ax(0) =g, [wi(®) —wr(O)]lo <.

lax(0)] < yn, [wz (0)[loo <,
where
| 320Md> (log @032, /R (67)
4= mAis
and

/ 4m(d + 1
n:= 210g$.

Proof. Let&é(t)= max  {|ax(s)|, |wk(s)]leo}. Note that
ke[m],s€[0,t]

1 n
Vo, Rs(0)]* = {; > e [W,IA(xi)ww”(w,Ixi) + b7 (xp)wio (w] x;)
i=1

2
+ c(x»a(w,Ix,-)]}
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<8M*|lwi||SRs(6)
<8M?d°®(£(1))°Rs(6),
and
IVuy Rs(0)[1%
= H % ieiak [2A(x,-)wko"(w,1xi) +wl A )weo® (wlx)x;
i=1

‘ 2
00

+ o' (wlx)bx;) +bT(x)wio" (w]x;)x; + c(xi)o’(w,fxi)xi]

1
< lax [22Rs(0) (2M [wi I} + Mwi} + 5 M lwi ]

1 2
+ Mlwil} + M3 Jwil)
< 50M? | wi || Tlak|*Rs(8)
<50M%d*(£(1))°Rs(8).

512M*n*Cy

From Lemma 4.4, if m > R
s

, then with probability at least 1 — §/2 over
initialization

t
lax (1) — ar(0)] S/O Vg, Rs(0(s))|ds
<2V2Md? fts3(r),/RS(0(s))ds
0

t A
<2V2MdPE3 (1) fo V Rs (%) exp <—m2 ;S) ds

- 42Md3n+/Rs(0°)

mAs
< p&i ),

10+/2d3 Mn+/ Rg(6°

ks ) . Similarly,

£3(1)

where p :=

t
IIWk(t)—Wk(O)IIOOS/O |V, Rs(0(s)) [l oo ds
t
§5~/§Md2[ £3(t)y/Rs(0(s)) ds
0

' A
< 5«/§Md2$3(t)fo JRs(0%) exp <— m2,fs> ds
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- 10v2M d*n+/ Rs(8%)

mAg

< p&3 ).

£3(1)

So
£(t) <£(0) + p&3(1). (4.11)

From Lemma 4.1 with probability at least 1 — §/2,

£(0) =]:1€1%{Iak(0)l, [wi(0) oo}

dm(d + 1 dm(d +1
§max{y\/210g$,\/2log$}

dmd+1
< ZIOg%—F):n. (4.12)

Since

200v/2Mdnlog(4m(d + 1)/8)v/ Rs(8%) 5
m> - = 10mpn~,
S

1
then p < (2log 4’"(d+”) = Ln~Zand p2n)? < % Let

to :=inf{r | £(¢) > 2n}.

We will prove #y > #* by contradiction. Suppose that 7y < t*. For ¢ € [0, fg), by
(4.11), (4.12), and &(¢) < 2n, we have

2
E@) <n+pCn)3EM) <n+ 6,
then
t <§
§() =30

After letting t — f9, the inequality just above contradicts with the definition of
to. So tg > t* and then &£(¢) < 2n for all ¢ € [0, t*). Thus

lax (t) — a (0)| < 81°p
lwi (1) — w(0)[loo < 87° p.
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Finally, notice that

dmd + H\? 10v/2Md3n/ Rs(6°
8n3p=8\/§<10g m(8~|— )) V2Md3n+/ Rs(0°)

mAg
32
320Md? (log ““§0) " ny/Rs (07) (4.13)
- mAg
= q’
which ends the proof. O

4.3 Proof of Theorem 3.1

Proof of Theorem 3.1. From Lemma 4.4, it is sufficient to prove that the stop-
ping time ¢* in Lemma 4.4 is equal to +00. We will prove this by contradiction.
Suppose * < +00. Note that

GO - G (8(0))]
1 & (4.14)
< — 3 18wty xi, x ) — g (wi0); xi, x ).
k=1
By the mean value theorem,
g (wie(t*); xi, %) — g (i (0): X, x )|
< IVE@ (cwi (%) + (1 — )we (0); %7, X ) lloo lwk (%) — wi (0)]I1

for some ¢ € (0, 1). Further computation yields
Ve (w;x;, x ;)
:[ZA(xi)wa”(wai) +wT AW D (wTx)x; + o' (wTx;)b(x;)
+bT(x)wo" (wTx;)x; + C(xi)o/(wai)xi]
X [wTA(xj)wo”(waj) +bT(xj)wo' (wTx;) + c(xj)o(waj)]
+ [2A(x.,')wc7”(waj) +wTA(x Hwo D wTx )x; + o' (wTx;)b(x;)
+bT(xj)wo" (wTx)x; +c(xj)o'/(waj)xj]

X [wTA(xi)wo”(wai) + b7 (x))wo'(wTx;) + C(xi)U(wai)]
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for all w. Hence, it holds for all w that
1V (w: xi.x ) oo
2 2 1 2 2 1 2
<22Mlw]} + Miwl + M lwl + Miwl + M (wii]
3 1 3 1 3
x [ Milwl} + 3 Mlwl + 2Mwl]

<2GM|w|DHCMwll})
=20M?|w]|3.

Therefore, the bound in (4.14) becomes

|G?“->(0<r*>) - G§j)(0(0)>|

20 (4.15)

wi (0)]l1.
k=1

By Lemma 4.5,

lewi (™) + (1 = wr(0) 1 < [lwe (0) |1 + lwi (£¥) — wi (0) |1
<d(n+gq)<2dn,

where 1 and g are defined in Lemma 4.5. So, (4.15) and the above inequalities
indicate

G (™) — G (6(0)] < 20M(2dn)*dq = 640M>d°n’q,
and

1G9 @(*) — G B(0)|IF < 640Md®nn’q
_ 23 og YR (6)

mAs

< —As,

B

if we choose

22 M3d°%n? (log(4m(d + 1) /8))4\/RS(00)

m > )\‘2

The fact that |G (8(t*)) — G (8(0))|lr < }As above contradicts with the
definition of * in (4.5). Hence, we have completed the proof. O
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5 A priori estimates of generalization error for two-layer
neural networks

To obtain good generalization, instead of minimizing Rg, we minimize the reg-
ularized risk of Rg(#):

A
Js(0) :=Rs(0) + —0|> 5.1
5..(0) s( )+ﬁll [P (5.1
to obtain
05, =arg moin Js.(0). (5.2)

Our work is inspired by the seminal work in E et al. (2019b,a) and the proof
is a variant of the proof therein. But as we shall see, the differential operator
increases the technical difficulty in the analysis: extra nonlinearity in the param-
eters, which makes existing mean field analysis (Mei et al., 2018) not applicable.
We will use the path norm defined in Definition 2.2 adaptive to the PDE prob-
lem, instead of using the path norm in E et al. (2019b,a) for regression problems.
We will show that the PDE solution network ¢ (x; 65 ;) generalizes well if the
true solution is in the Barron-type space defined in Definition 2.3, which is also
a variance of the Barron-type space in E et al. (2019b,a). The generalization
error is measured in terms of how well f(x;0s,) := Lo (x;05,,) ~ f(x) gen-
eralizes from the random training samples S = {x;}?_, C €2 to arbitrary samples
in Q.

Recall that f(x; @), also denoted as fy(x), is the result of the differential op-
erator £ acting on a two-layer neural network ¢ (x; #) in the domain €. In fact,
f(x; 0) is also a two-layer neural network as explained in (4.2). Hence, the gen-
eralization error analysis of deep learning-based PDE solvers is reduced to the
generalization analysis of the special two-layer neural network f(x; @) fitting
f(x). The special structure of f(x; @) leads to significant difficulty in analyz-
ing the generalization error compared to traditional two-layer neural networks
in the literature.

We will first summarize and prove several lemmas related to Rademacher
complexity in Section 5.1. The proofs of our main theorems for the generaliza-
tion bound in Theorems 3.2 and 3.3 are presented in Section 5.2.

5.1 Preliminary lemmas of Rademacher complexity

First, we define the set of functions

Fo= {f(x; 0) =Zak[w;A(x)wka”(w,Ix) + b7 (x)wio’ (w] x)
k=1

+ oWl 0] 1 10]p < Q}.
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Second, we estimate the Rademacher complexity of the class of special two-
layer neural networks Fo.

Lemma 5.1 (Rademacher complexity of two-layer neural networks). The
Rademacher complexity of Fo over a set of n uniform distributed random sam-
ples of @, denoted as S ={x1, ..., x,}, has an upper bound

4M Qd?,/21og(2d)
\/E 9

where M is the upper bound of the differential operator L introduced in (3.1).

Radg(Fp) <

Proof. Let wy = wy/||wgl|l; for k=1,---,m and T be a random vector in N4
with i.i.d. entries following the Rademacher distribution. Then

nRadg(Fp)

n m
=ET{ sup Y Ty a[w] AGweo” (w]lxi) + T (x)weo’ (wfx:)
10lP<0 ;=1 =1

+C(xi)0(w11xi)]}

SET[ sup Zrlzakka(xl)wka (w] x ,)}

0lrP<Q ;=1 =1

+ET|: sup ZriZaka(xi)wka’(w,Ix,-)]

10lP<0 ;=1 =1

E; [ sup Zt, Zakc(x )o(wkx )j|

101P<Q ;27 =
=11+ L+ Is. (5.3)

We first estimate /; as follows

r n m
3 A N N
Li=E.| sup Y 1) allwlidf AGx)dio” (@fx;)
LI0l»=<0 ;=1 k=1

<E, sup Zr,ZaknwkulukA(xl)uka @] x)
||0\|7»<Qnuk||1 LYk s

>
||0H7><Q ”uk”l 1Vk .

m

3
=E. sup Y Jaglwell]
LI6lp<0.llul=1 ;2

ul A(xpuro” (ulx;)

|

|

n
Z uTA(x)uo”" wTx;)

i=1
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|

pT (Z riA(xl-)a//(uTxi)> q

< QE, sup D npTAGxi)go" T x:)
Lleli<Llplh<Llglh <1 ;=

= QE, sup
Llzlhi=Llpli<Llgli<1

i=1

|

Zn op (X))o (WTx;)

i

= QOF, sup Z |Pallgp]

| Il =Lipli=Ligh=l o 57

<QE;| sup max
||u||1<1a peld

Zr, Aap(xi)0” (T X))

d n

<QE:| sup > > wiAepxi)o”uTx))
”ulllfla,ﬂzl i=1

d

n

<QE; | D sup | miAep(xi)o” @ x;)
—q lulhi=1|; 2
o, B=1 i=1

Q(Q
s

IET|:sup D TiAapxi)o” @Tx)| | (5.4)

[lell1 <1 i=1

Note that 6" (#Tx;) = 0 for u = 0 and for any x;. For any «, 8 € [d], we have

E;| sup
llull <1

SET[ sup Zrl op ()0 (T x; )}
|

luli <12

th Agp(xi)o" (T x;)

n
+E, [ sup Z_TiAaﬂ(xi)GH(uTxi):|

luli <14

=2E,|: sup Ztl Agp(xi)o”" (uTx; )i| (5.5)

lulli <112

Applying Lemma 2.1 with ¥, (y;) = Aag(x;)0” (y;) fori € [n], whose Lipschitz
constant is M, we have for all «, B € [d]

IET|: sup Zr, Agp(xi)o’ (uTx,)i| <ME, |: sup ZtiuTxi:|. (5.6)
1

lelli=<1; 4 lalli<1;=
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Therefore, combining (5.4), (5.5), and (5.6), we obtain

n
I, <2M Qd*E, [ sup ZriuTxi]

”u‘llfl i=1
<2M Qd*/n\/21og(2d),

where the last inequality comes from the Rademacher bound for linear predic-
tors in Lemma 2.2.

For I, and I3, we note that o (z) = %zza”(z) and 0’/(z) = %za”(z). Then by
similar arguments, we have

I, < M Qd+/ny/2log(2d),
I < %MQ\/E,/Zlog(Zd).

These estimates for /1, I, I3 combined with (5.3) complete the proof. O

5.2 Proofs of generalization bounds

In the proofs of this section, we will first show in Proposition 5.1 that two-
layer neural networks f(x; ) in (4.2) can approximate Barron-type functions

112
with an approximation error O (% . Second, for an arbitrary f(x;0) =
Lo (x;0), we show its a posteriori generalization bound |Rp(0) — Rs(0)| <

2
o (M> in Theorem 3.2. Finally, the a priori generalization bound

NG
2 21
Rp(8s;) <O H];rlllg + HfHB\(/J%HfHB

and second terms come from the approximation error bound and the a posteriori
generalization bound.

First, the approximation capacity of two-layer neural networks f(x; @) can
be characterized by Proposition 5.1 below.

) is proved in Theorem 3.3, where the first

Proposition 5.1 (Approximation Error). For any f € B(R), there exists a two-
layer neural network f(x; 0) of width m with ||0||p <2| fli5,

0 = 6M?| £ 11>
Rp®) :=Er-p3(f(x.0) = f(x)) < %

where M introduced in (3.1) controls the upper bound of the differential opera-
tor and m is the width of the neural network.

Proof. Without loss of generality, let p be the best representation, i.e., || f ||% =
E(a,w)~p|a|2||w||?. We set § = {%ak, wi )L, where (ag, wi), k=1,---,m are
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independent sampled from p. Let

f3(0) = nlq Zak[ng(x)wka”(w,Ix) + b7 (x)wio' (w]x) + c(x)o (w]x)].
k=1

Recall the definition Rp(8) = Ex~p3|f5(x) — f(x)|%. Then
2E; Rp(0)
=E,pEglf3(x) — f(x)I?

l m
= Ex~p Var(q wy)iid~p <% > aw] A(x)wo” (w]x)
k=1

+ b7 (x)wro' (w] x) + c(x)a(w,Ix)])

= ExND%Var(a,w)wp (alwTA@)wo” (wTx) + 5T (x)wo’' (wTx)
+c(@)owTr)])

< %E%DE(“,W)N,, (alwTA@)wo” (wTx) +bT (x)wo’ (wTx)
+c@)owTx)])’

1 2
< By pEuyplal’ (MIwl} + Il + §mwl})
: 2 6
< TE(a,w)Npml ||w||1
_ 4?71
Sl

Also, we have
1 m
Egll011P = Eqtag woniid~p— Y laillwel}
k=1
=E@w~plallwl;

=Ifls.

- 2 2 —
Define two events Ey := (Rp(0) < 215y and B, := (18]lp <21l f1I5). By

n
Markov inequality, we have

- 6M?| fII3 EgRp(6 2
B(ED=1-P(Rp@) = 2B oy ZeRDD 2
m M| flig/m ~ 3

_ Ealfllp 1

P(Ey) =1—P(||0 2 1 .
(E») (ellp =2l fllg) = 2 fls =2
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Thus

2 1
P(E1 N E2) 2 P(Ey) + P(Ep) =12 545 = 1> 0. O

Second, we use Theorem 2.1 with F = Hg :={£(f(x), fo(x)) | |10]lp < O}
and Z = Q2 to show the a posteriori generalization bound in Theorem 3.2.

Proof of Theorem 3.2. Let Ho = {£(f(x), fo(x)) | [I0]lp < Q}, then H =
Ug=1H o Note that

sup| fo (x)|

xe2

Z ar[w] A(x)wio” (w]x) + 5T (x)wiro' (w]x) + c(x)o (w] x)]

= sup
xe2 k=1
- 3 1 1
<) lallwel} | M+ M + =M
k=1
5
<=-M|0|p.
=3MI8lp

Therefore, for functions in H g, since | f (x)| < 1 by assumption, we have

1
0=<2(f(x), fo(x)) < 5(1 + 1 fo (o))
1 5 2
<-(\14+=-M|0
< 2( +3 l ||7>>
< 39—2M2Q2§4M2Q2
for all x € Q and all Q > 1. For ||#||p < Q, we note that £(y, ) is a Lips-

chitz function with a Lipschitz constant which is no larger than sup, .o | fo (x)| <
§M||0 lp + 1. Let 8’ be an arbitrary set of n samples of €2, then

5 5
Radg/(Ho) < (§MII9II7> + DRads (79) = (3MQ + DRady (Fo).

Let us assume M Q > % without loss of generality. By Lemma 5.1 and The-
orem 2.1, for any § given in Theorem 3.2 and any positive integer Q with
probability at least 1 — 8¢ over § with 6p = ﬂzé—‘sQZ, we have

sup [Rp(#) — Rs(0)]
lelp=<0

< (%MQ + 1)2EgRadg (Fp) + 4M2Q2,/1°g(22¢
n
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R [2log(2d) g [log(202/38)
- n 2n ’

For any # € R”@*D given in Theorem 3.2, choose the integer Q such that
6]l <O <|0]lp + 1. Then we have

202
(Rp®) — Rs(0)] <2772 | ZOECD. 4 gy 2 [RET L0
<27 M2(J01p + 17 | ZE2D

1 0 1 log(1/36
+4M2(||0||7>+1)2\/ og7(I9llp+1)  log(1/35)

n 2n

2log(2d
<27TM*(|01lp + 1)%/%

loglz (18]l + 1 log<1/35>}

+4AM*(|0]p + 1)2{

Jn 2n
2
- WWRMCIZ\/W
n

+ log[z ([I0]1p + D]+ v/ 2log(1/38)),

where we have used the facts that v/a +b < /a + \/l_) for a, b > 0 and that
Ja<afora>1.

The bound just above holds with probability 1 — 6o for any pair (8, Q) as
long as [|@]lp < Q. By the definition §p = ”26—‘;2, we have Zg):l 8o = 6. There-

fore, for any 6 € Rm@+D) given in Theorem 3.2, the above bound holds with
probability 1 — &, which finishes the proof of Theorem 3.2. O

Finally, based on the approximation bound in Proposition 5.1 and the a pos-
teriori generalization bound in Theorem 3.2, we show the a priori generalization
bound in Theorem 3.3.

Proof of Theorem 3.3. Note that
Rp(85.3) = Rp(0) + [Rp(0s.) — Js.1(05.)] + [Js.1(85.,) — Js.1(0)]
+[Js,5.(8) — Rp(9)].

By definition, Js 3 (0s,) — Js,k(é) < 0. By Proposition 5.1, there exists 6 such
~ 2 2
that Rp(8) < 2k Therefore,

oM?| £l
m

Rp(#s,;) < +[Rp(0s.:) — Js.1(05:)1+[Js..(8) —Rp@)]. (5.7)
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By Theorem 3.2, we have with probability at least 1 — §/2,
Rp(05,.) — Js,1(05,2)

A
=Rp(0s;) — Rs(0s)) — —=

Jn
1
< ﬁzMzuws,um + 1 {log[m (1185, 1lp + D]+ 14d>\/210g(2d)

105,115 loglm (85,1 ]1p + 1]

+/210g(2/38)} — ||os 1% logl (105, 11p + D]
1
< E4M2<uos,xnp + D{loglr (105, ]lp + D] + 14d*/210g(2d)
A
+/2l0g(2/38)} — TIIOS,All%log[ﬂ(lles,/\HP +1)]

105,15 loglw (185,112 + D]

f
x [4M2[1 + 14d%/21og(2d) + /210g(2/38)] — )\]

2

Y el (5. + D]+ ——4M (144> ZT0g@d) + /21og2/38))
\/_ NG

II05 11 loglw (105,411 + 1]

4M>(2 4 14d%\/210g(2d) + /210g(2/38)] — )\}

X Q‘
———

+—am? [log(Zn) +14d>\/210g(2d) + /2 10g(2/38)]
Jn

< e [log(27r) + 14d*\/210g(2d) + \/210g(2/38)] , (5.8)
Jn

where we have used the facts that (a + b)2 <2a% +2b? forall a, b > 0 and that
A > 4M?[2 + 14d?,/210og(2d) + \/210g(2/38)] in the second and last inequal-
ities, respectively. By Theorem 3.2 again, with probability at least 1 — §/2, we
have

- - 1 - -
Js.(0) — Rp(0) < —=2M?(||0]p + D)*{loglz (1P + )]
Jn

+ 14d%\/210g(2d) + /210g(2/35)}

A ~ ~
+ ﬁuou%log[n(nonp +1)]

1 ~ ~
=< ﬁ4M2(II0II%> + Dflog[z([I0]lp + )]

+ 14d*\/21og(2d) + /210g(2/38)}
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Ao~ <
+ ﬁlloll%log[ﬂ(llollp + DI. (5.9

Note that, by Proposition 5.1, we have ||é||7> < 2|l fllg. Hence, the inequality
(5.9) becomes

~ ~ 1
Js(0) — Rp(0) = TE4MZ(4IIfII%g + D{log[z 2|l fllz + D]

+ 14d%,/210g(2d) + /210g(2/38)}

4
+ ﬁllfllfglog[ﬂ(lefIIB + D] (5.10)

Adding the estimates in (5.7), (5.8), and (5.9) together completes the proof. [

6 Conclusion

In this paper, we theoretically analyzed the optimization problem arising in deep
learning-based PDE solvers for second-order linear PDEs and two-layer neural
networks under the assumption of overparametrization (i.e., the network width
is sufficiently large). In particular, we show that gradient descent can identify a
global minimizer of the least-squares optimization problem for solving second-
order linear PDEs. Note that we have fixed the samples in the least-squares
optimization, while practical algorithms would randomly sample the PDE do-
main and its boundaries in every iteration of gradient descent. Hence, there is
still a gap between the optimization problem analyzed in this paper and the prac-
tical algorithm. This gap can be filled by studying the convergence behavior of
stochastic gradient descent, which will be left as future work.

We have also analyzed the generalization error of deep learning-based PDE
solvers for second-order linear PDEs and two-layer neural networks, when the
right-hand-side function of the PDE is in a Barron-type space and the least-
squares optimization is regularized with a Barron-type norm, without the over-
parametrization assumption. The Barron-type space and norm are adaptive to
PDE problems and are different from those for regression problems. The global
minimizer of the regularized least-squares problem can generalize well with a
scaling of order % + in, where m is the number of neurons and » is the num-
ber of data samples. Note that whether gradient descent methods can identify a
global minimizer of the regularized least-squares problem is still unknown. This
is left as interesting future work.
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