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Abstract

This chapter presents a brief review of the theoretical foundations of physics-informed
neural networks (PINNs) and deep neural operators. PINN is one of the most popular
deep learning approaches for solving both forward and inverse problems of partial dif-
ferential equations (PDEs). It provides seamless ways of embedding laws of physics
into deep neural networks (DNNSs) by leveraging auto-differentiation. At the same time,
operator learning emerged as a new learning paradigm for learning nonlinear operators,
particularly ones relevant to PDEs. Deep Operator Network (DeepONet) is one of the first
pioneering models whose architecture is inspired by the universal approximation theo-
rem. DeepONets can generate reliable real-time responses when they are pretrained with
a large amount of data pairs of inputs and outputs. Topics to be covered include math-
ematical formulations, approximation error estimates, approximation theory of DNNs,
and training/optimization methods.

Keywords
Physics-informed neural networks, Deep operator networks, Deep learning, Optimiza-
tion, Approximation theory, Partial differential equations
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1 Introduction

In this chapter, we present a review of the theoretical development of physics-
informed neural networks (PINNSs, e.g. in Lagaris et al., 1998, and Raissi et al.,
2019) and deep operator networks (DeepONets, e.g., in Lu et al., 2021a) for
partial differential equations.

In physics-informed neural networks, partial differential equations including
forward and inverse problems are reformulated as minimization of least-squares
of the residuals of the equations and their constraints at random points (often
uniformly distributed). Since the neural networks are nonconvex and nonlinear
in their trainable parameters, we often use stochastic gradient descent methods
to find approximate solutions to the minimization problems. Advances in PINNs
include choices of loss functions, distribution of sampling points, architectures
of neural networks, efficient training methods, and many techniques addressing
issues in various applications.

Compared to least-squares finite element methods (Bochev and Gunzburger,
1998; Bramble and Schatz, 1970) and least-squares collocations, the approxi-
mators are networks and thus are highly nonlinear and nonconvex. Correspond-
ingly, different formulations and solvers for the least-squares problems have
been applied and some error estimates of PINNs have been established.

While PINNs may need no data or little data, DeepONets require a large
amount of data but DeepONets learn maps/operators from a function input to a
function output. In the vanilla DeepONets, a regression problem is formulated as
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the empirical L?-norm of the differences among the output of neural networks at
input data and corresponding output data. Developments of DeepONets include
but are not limited to those in architectures of neural networks, efficient training
methods and error estimates.

In Section 2, we briefly introduce a special class of neural networks-
feedforward neural networks, although many other networks work as well in
most of the settings in this work. In Section 3, we introduce an abstract prob-
lem and present some classical forward and inverse problems to solve with
PINNs. We also introduce the strong formulations and weak formulations used
in PINNs. Various aspects of PINNs are addressed with various techniques to
solve many types of problems. In Section 4, we discuss the error estimates of
PINNSs for conditionally stable problems. The estimates are based on the condi-
tional stability of problems. We present some developments of training methods
in Section 5 for the loss functions, which may not be limited to loss functions
in PINNs. In Section 6, we present a special neural network where the weights
and biases are small. This network is motivated by expressing functions with
discontinuity or large derivatives, such as in hyperbolic problems. In Section 7,
we briefly discuss PINNs when observational data are available, e.g. in inverse
problems. In Section 8, we present error estimates for DeepONets for continu-
ous operators and three examples of solution operators arising from linear and
nonlinear advection-diffusion-reaction equations.

2 Neural networks

Many neural network architectures can be used for scientific machine learning,
such as radial basis function networks, convolution neural networks, residual
neural networks, recurrent Neural networks, U-nets, etc. Let’s focus on feed-
forward neural networks. A L-layer feed-forward neural network (NN) unn is
a function R%n 1 Ru defined by

unn(x; 0) = Whut=1(x) + b*, (2.1)

L—1

where u is recursively computed by

W) =W ) +0%, 1<t<L, uO(x) = x.

Here ¢ is a nonlinear activation function that applies element-wise. Some pop-
ular activation functions include the hyperbolic tangent (tanh) and the rectified
linear unit (ReLU). L is a positive integer greater than or equal to 2, referred to
as the depth. For notational convenience, the input and output dimensions are
often denoted by nog = din and ny = doy, respectively and these are assumed
to be given for every learning task. The weight matrix and bias vector of the
¢-th hidden layer are W* e R™*"¢-1 and b* € R™, respectively. The collection
6 of all the weight matrices and bias vectors determines uny and is called the
network parameter. The vector iy = (ny,...,n._1) € NE-1 i referred to as
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the architecture, which determines the size of 6. To explicitly express the de-
pendency of the architecture, the network parameter is often denoted by 9(ii1),
whose size and magnitude are given by

L
= 14 l
np| = § negme—1+1), 10loc = max max{|W" |lmax, 16" llmax}-

A class of L-layer NN is then given by
VL) = {unn (5 0(i)) :10GiDloe < ML N 22)

The class V; does not form a linear space as it is not closed under addition,
i.e., forany u,v € Vi, u + v ¢ Vp. However, it has been well known that Vy is
universal. For example, for any continuous function f in a compact domain 2 C
R%n and any € > 0, there exist M and 7z such that || f(x) —un~(x, 0(12))|| < €
for any x € Q.

To provide a mathematical explanation of the empirical success of NNs,
many works have focused on quantifying the approximation ability of NNs us-
ing the number of nonzero network parameters, the magnitudes, the depth, and
the width, to name a few. The works of Petersen and Voigtlaender (2018) proved
universal approximation theorems of rectified linear units (ReLU) networks,
showing the advantage of the depth. On the other hand, the class of two-layer
neural networks has been shown to effectively approximate certain functions,
and such a class is now known as the Barron class.

3 Mathematical formulations

Consider the following problem

Dlul(x) =f(x) xeQ

(3.1
Blul(x) =gx) xerl,

where D: X — Y B8: X — Z are appropriate differential operators. Here X, Y
and Z are Banach spaces. Here 2 C R? is a computational (compact) domain
and T is a subset of R?. This abstract problem can include many interesting
problems. Below, we list some typical benchmark problems when developing
deep learning methods for partial differential equations (PDEs).

Example 3.1 (Poisson equation with Dirichlet boundary condition, forward
problem). Let D =—)" =1 8)%,- := A and B = Id (identity operator). Let 2 =
(0,1)%, T'=0Q = {x = (x1, x2) € Qx=(0, x2) or (1, x2), or (x1,0), or (x1, 1)}.

The problem is usually written as
—Au(x)=f(x), xe; ux)=g(kx), xel =09Q. (3.2)

Here f and g are given, we seek the solution « on the €.
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Example 3.2 (Data assimilation of Poisson’s equation, inverse problem). Let
Q c R? be a Lipschitz domain. Let Q¢ C  be open. Consider the following
problem

—Au=f xeQ; u=g, x¢e.

Here f and g are given, we seek the solution # on 2 and d€2. This problem is
often called a continuation problem.

Example 3.3 (Cauchy problem of Poisson’s equation, inverse problem). Let
Q c R? be a Lipschitz domain. Let I'p C 992 be an open subset with a positive
area. Consider the following Cauchy problem

—Au=f xeQ; u=g, xe€lp; Vu-n=¢, xelbp.

In this problem, we only know partial data on the boundary and thus we seek
the solution as well as the data on the whole boundary. This problem is often
called a Cauchy problem for the Poisson equation.

Example 3.4 (Coefficient inverse problem). Let D C R” be a smooth bounded
domain. Consider the initial boundary value problem on 2 = D x (0, T') (T>0),

Btzu =V.-(p(x)Vu), ((x,t)eD x(0,T);
u(x,0)=gox), dsu(x,0)=0, x e D;u=g(x,t), (x,t) e St=9D x (0, 7).

Here the coefficient p(x) € C (D) and p(x) = po > 0. Here the functions gg
and g are known, while The goal is to find the coefficient p(x) in D. We also
know the normal derivative of u Vu - n = h(x, t) on S, where n is the outward
normal vector at the cylindrical surface St.

3.1 Stability

We assume that the problem (3.1) is conditionally stable. We use the following
definition of conditional stability, see e.g. in Burman and Oksanen (2018) and
Dahmen et al. (2023).

Definition 3.5 (Conditional stability). Let X and Y be Banach spaces. Let
D: X+ Y and B: X — Z be linear maps. Assume that there exists a linear
operator L : X — H where H is a Banach space such that there is a positive
function N : X — (0, 00)! and a nondecreasing function p¢ : [0, 0o] — [0, o0]
with limy\ o pc (t) = 0 for any C > 0, such that for v =v; —v2 € X (v1, 12 € X)
with | Lv||y < C, it holds that

N1 —v2) < pc(|Dvy — Dually + |Bvyr — Buallz). (3.3)

Here N is usually a norm or a seminorm on a Banach space V which X can be
embedded into. We then call the problem (3.1) conditionally stable.

' Here X is a Banach space, which often coincides with X.
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Here L is often called regularization. When N is a norm, the problem is well-
posed in the Hadamard sense: the solution exists and is unique and stable with
respect to inputs. In this case, the problem is called unconditionally stable.

A special case of the conditional stability is linear stability. In linear stabil-
ity, N is a norm and pc is a linear function. For example, in Example 3.1, we
can derive the following stability”

||u||L2(gz) = C(”Au”H*WZ(Q) + ||M||L2(ag2)) = C(”AM”LZ(Q) + ||M||L2(ag2))-
(3.4)
Here H" is the Sobolev-Hilbert space with elements and their r-th weak deriva-
tives being square integrable.
The conditional stability for the Problem 3.2 is stated as follows.

Theorem 3.6 (Conditional stability for the Poisson continuation problem, Bur-
man and Oksanen, 2018). Let f € L*(Q) and let u € H'(Q) such that the
equation in the Problem 3.2 holds. Let g € H' (). Then for every open simply
connected set E C Q2 such that dist(E, 0 D) > 0, there holds

1—
el gy < C (lellgry) @ (1 10 + gl 200)) -
Here r € (0, 1), depending on the set E. On the domain 2, we have

el g1y < € (el g e)” [Log (1 Fll 1) + gl 20) T
The conditional stability of the Problem 3.3 can be found in Burman and
Oksanen (2018). The inverse problem in Example 3.4 is Lipschitz stable, i.e.,
pc 1s stable, see e.g., Klibanov and Yamamoto (2006).
Many problems have proven to be conditionally stable in literature, such as
classical partial differential equations, integral equations and a large class of
inverse problems.

Remark 3.7. Here the conditional stability is described for linear problems.
From the definition, it can be further extended to nonlinear problems, where pc
may depend on v and v;.

Solving the problem (3.1) can be formulated as an optimization problem
using the residual minimization

inf I (v), (3.5)

veX
where the loss functional J; (v) can be established in many ways. Depending
on how the optimization problem is reformulated, different methods are ob-
tained, e.g. deep Ritz methods (E and Yu, 2018) using energy minimization and
physics-informed neural networks (PINNs) in Lagaris et al. (1998) and Raissi et
al. (2019), which is based on residual minimization while approximate solutions
being neural networks.

2 The L? norm on the left can be replaced by ||u|| HI2(Q)"
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3.2 Strong formulation

The most straightforward method is based on the strong form of the governing
equation.

J) = If—Dvl3 +llg — Bvl% + € ILv|% . (3.6)

Here € is usually a small parameter. This is one of the most popular approach
used in practice. To implement this formulation, we enforce the approximation
to satisfy the governing equation over a finite set of points. More precisely,
let Qu C Q and 'y C 022 be such sets with Q] = M and |0Q2yy| = M'.
Let wpy () = ﬁ erszM Sy()and (1) = ﬁ errM, dx (-) be empirical mea-
sures for 2y and I'p, respectively, where 8, is the Dirac measure. The naive
PINN method (Lagaris et al., 1998; Raissi et al., 2019) defines an objective (also
known as a physics-informed loss) functional as L(v) = Ly (v) + L (v) where

-Ere(v):/QLre[U](x)da)M(x)v Lbc(”):/FLbc[U](x)dlfLM’(x)’ (3.7

Lee[v](x) := [D[v](x) — £ ()%, Lpe[v](x) := [Blv](x) — g(x)]*.

and seeks an approximation in V,, that minimizes the loss functional £, i.e., u}: =
argmin, ¢y, £L(v). Ideally, one wants to minimize the continuous loss functional
defined by

Loo(v)Z/QLre[v](X)dw(X)+/FLbc[v](X)dM(X), (3-8)

where @ and p are probability measures typically determined by the under-
lying PDEs and the corresponding solution space. However, since the exact
calculations of the integrals are not available, one has to rely on reasonable dis-
cretization or approximation. The work of Sirignano and Spiliopoulos (2018)
proposed an NN approach, namely, the deep Galerkin method, which aims at
minimizing the ideal loss (3.8) by using the stochastic mini-batch gradient de-
scent (see also Section 5.2).

The loss functional can be further generalized by introducing nonhomoge-
neous weights for the summands:

2 2
L= ) xx(ﬂ[v]u)—f(x)) + ) Ax<B[v](X)—g(x)> . (39

xXeQy XEFM/

where A is the collection of all the A,, which includes the application of Monte
Carlo integration when A, = ﬁ ifx € 2, and A, = ﬁ if x € 0Q2y.
It is worth mentioning that a minimizer «;; depends on 257, 92/, A and V.
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3.3 Weak/variational formulations

A weak formulation of the general equation may be written as follows. Let V
be a Hilbert space satisfying B[u] = g for all u. For general discussion, let us
define

a(u,v) :=(Dlu],v), L):=(f,v),
Lee[0](x) 1= [D[v](x) = f()]*,  Lc[v](x) := [Bv](x) — g(x)]*,

where (-, -) is an appropriate inner product. The variational formulation then
seeks to find u € V such that

a(u,v)=L(v) VYvelV.

The NN approaches seek to solve the variational problem with a subset of V,
denoted by V,, of NNs, which is the set of approximate solutions.

Let us consider the Poisson equation to illustrate the variational approach.
Let D = —A, g—OandQ (0,1). Let V = H Q) ={ve H(Q) :v(0) =
v(l) =0}, ( fo u(x)v(x)dx forallu,ve Vand f € L%(). It then fol-
lows from the 1ntegrat10n by parts that

a(u,v)= ', v'), L) =(f v).

If V,, is a linear space spanned by {¢; € V : j =1, .., n}, the above is equivalent
to solving a linear system of equations of the form

Ac= b, where A,’j = a(qb,-, ¢j), b,’ = L(¢i). (310)

The solution is then given by u): = Z;f:] Cj¢; where ¢ is the solution to Ac = b,
which basically describes the finite element method (FEM). If V,, is a class of
neural networks, since V,, is not a linear space, the FEM-like approach cannot
apply. Therefore, one needs new approaches to solve the variational problem
using NNs.

Ritz-Galerkin approach. The work of Ainsworth and Dong (2021) proposed
an NN approach based on a standard Galerkin approximation of the variation
equation, namely Galerkin Neural Networks (GNNs). Leta:V x V= Rbea
bounded symmetric, bilinear form satisfying a(v, v) > 0 and a(v, v) = 0 if and
only if v = 0, which defines an associated norm given by [||v||| := +/a(v, v).

For a given basis {¢;}!_;, let us define u; = GALERKIN(a, L, {¢;}_,)
where u is the solution obtained from (3.10). The GNN method seeks basis
functions from a class of NNs and provides the corresponding Galerkin NN ap-
proximation. The GNN constructs one basis at a time and gradually augments
the basis as the algorithm proceeds. The GNN mechanism is built based on the
following result.
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Proposition 3.8 (Proposition 2.3 of Ainsworth and Dong, 2021). Let u be the
solution to the variational formulation and ug € V be a given approximation.
Let ¢ = m and let r(ug) : V. — R be a functional given by the rule
r(uo)[v] := L(v) — a(ug, v). Then, r(up)[¢1] = maxyep r(ug)[v] where B is
the closed unit ball in V.

The proposition established the relationship between the residual r(u¢) and
the approximation error u — ug. Based on this error indicator, the GNN com-
mences with an initial guess u( and recursively augments the basis according to
the following. Fork=1,...,n,

_ - L) —a(ug—1,v)
v := argmax r(ur—1)[v] = argmax ,
veV, llvll#£0 vV, lvll#£0 vl

and u; = GALERKIN(a, L, {p~N}5_ ) where o] = o with vo = uo. The
GNN approximation to the variational formulation is then given by u,, where n is
a user-defined input representing the number of NN basis functions. The original
work allows one to use different V;, for each vy to further facilitate the training
and improve the performance. The convergence of the GNN with respect to the
number of basis functions is proved in Ainsworth and Dong (2021).

Minmax formulation. The work of Zang et al. (2020) followed the min-max

formulation
2
. la(u, v) — L(v)]
min [ max —————>—— |,
ueVy \veV, [[v]|

and the approach was termed the weak adversarial network (WAN). In practice,
the integration is approximated by a quadrature rule. Also, similar to the deep
Ritz method, the boundary loss term is added. Let {x;, wk},i”: | be a quadrature
rule over [0, 1]. Then the loss functional is given by

M 2
| e (' o0 ) = v

L(u,v) = 5
’nyzl Wy - vz(xk)‘

To further improve the training, the WAN approach takes the log of the loss and
aims to solve the minmax problem

min (maxlog L(u,v) + Lbc(u)) .

ueV, \veV,
Petrov-Galerkin approach. Several works investigated NN approaches that use
the Petrov-Galerkin (PG) formulation. Let W be a Hilbert space that differs

from V. The PG seeks to find u € V such that a(u,v) = L(v) for all v e W.
The corresponding NN approach uses a fixed finite-dimensional linear space of
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W, and seeks a solution in a class V,, of NNs. The works of Khodayi-Mehr
and Zavlanos (2020); Shang et al. (2022) used linear finite element spaces and
the work of Kharazmi et al. (2019) used sine functions, Legendre polynomials
as test spaces. In Kharazmi et al. (2021), the hp-variational physics-informed
neural networks were proposed as a general framework that combines the PG
approach and hp-refinement via domain decomposition, where piecewise poly-
nomials were used for test functions.

3.4 Extended PINN: domain decomposition

Extended PINNs (XPINNSs) (Jagtap and Karniadakis, 2020) combine a domain
decomposition method with PINNs. Let {€2; }fV: | be a partition of the domain 2
and consider a set of subproblems:

Dluil(x) = f(x) x €
Bluil(x) =gx) xead;NC (3.11
ui(x)=u;(x) xe€0d;NaR;.

Then, the solution to the original problem (3.1) is written in terms of u;’s as
u(x) = Z?’:] uj|gj (x), where u|gj (x) =u(x) if x € 2; and 0 if x ¢ ;. The
XPINN aims at approximating each u ; using a NN, say v; € V,,. While XPINNs
can be formulated in many different ways (e.g. variational formulation), for ease
of discussion, we focus on the original formulation based on the strong form.
Let us define the interface term by

Li[v, ul(x) = Bo(v(x) — u(x))* + B11|Vu(x) — Vu(x) |3
+ (D](x) — Dlul(x))?,

for some By, B1 > 0, where “if”” stands for interface.

Let Qp; C ), BQM} co;, I = FOGQM}, and BQM{,- C BQM; OBQM}
be finite sets of interest and consider the corresponding empirical probability
distributions: w;(-) = MLJ ZXGQMf 8x(), () = |F17 Yver; 8x (), and i =

1

W] ZxeiQy, 8 (+). Then, the loss functional for XPINNSs is given by

i

ml,...,w]zﬁ[
+Zf

itj 0€2;N0<2;

/ Lre[vj](X)dwj(X)vL/ Loc[vj1(x)dpj(x)

j L

Liflvi, vj1(x)d ja;; (x)}

where v;’s are all in V,, (e.g. a class of neural networks). Let {uj.}j.v:l be a
minimizer of the loss functional. Then, the NN approximation by the XPINN
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formulation is given by

N 0 ifx¢Q;

_ * N S T
MXPINN(X)—ZMj(x)'Hj(x)a Iij(x) = s X €9Q;
j=l 1 otherwise,

where S (x) represents the number of subdomains whose boundary contains x.
Note that the XPINN does not necessarily preserve the continuity at interfaces.

The performance of XPINN can be enhanced by adding the jump condition
at the interface, e.g., in Jagtap et al. (2020) and De Ryck et al. (2023) in the
loss function. In Hu et al. (2022), it is shown that XPINN is not necessarily
performing better than PINN. The XPINN can have less complex parts and sim-
ple locally but less data in each part can lead to overfitting and thus affect the
accuracy.

More aspects of domain decompositions techniques have been explored,
such as in Sheng and Yang (2022) (variational formulation) and Shukla et al.
(2021) addressing parallel computation, Meng et al. (2020) and Penwarden et
al. (2023) for time domains, Kim and Yang (2023) using overlapping subdo-
mains, and Kopanicdkova et al. (2023) using preconditioning, and Sun et al.
(2023) assigning different boundary conditions on different subdomains.

3.5 Useful techniques

We discuss some techniques and methods that may improve the performance of
the aforementioned formulations.

Enforcement of boundary conditions. The aforementioned NN approaches
do not satisfy the boundary conditions from the beginning and require an ad-
ditional loss term which penalizes the discrepancy between the NN prediction
on boundary and the given boundary conditions. This could be cumbersome
when it comes to the PINN method as well as many variational approaches. In
general, the loss functionals comprise multiple terms and each term may have
significantly different scales. If this is the case, training algorithms would focus
on minimizing the largest term while the other terms marginally change.

In principle, one can use the distance function and modify the NN structure.
The distance function d to the boundary 9<2 is defined to be the function that
gives the shortest distance between any point x to d€2. Thus, for example,

uUNN(x; 0) = g(x) +d(x)unn(x; 0),

where g is a smooth extension of g, will exactly satisfy the Dirichlet boundary
condition as d(x) = 0 on 9<2. However, the numerical solution here is only Lip-
schitz continuous as d(x) is. Several works followed this principle with some
variations (see Lagaris et al., 1998; Berg and Nystrom, 2018). This idea can be
further generalized. In particular, the work of Sukumar and Srivastava (2022)
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used the theory of R-functions to construct an approximate distance function
& that allows one to satisfy exactly inhomogeneous Dirichlet, Neumann, and
Robin boundary conditions on complex geometries.

Constraints. Instead of modifying NN structures, one can formulate the prob-
lem as a constrained optimization problem via the augmented Lagrangian
method. For example, the PINN loss may be written as

min Lro(#)  subjectto Blunn(: 0)1(x) =g(x) Vx €Ty,

which takes the boundary conditions as constraints. The method of Lagrange
multipliers will then construct the Lagrangian defined by £(0, A) = L.(0) +
(A, h(0)) where h(0) := (Blunn(; 0)](x) — g(x))xer,, and seek to solve the
minmax problem of max; ming £(6, 1). The augmented Lagrangian method can
also apply, which seeks to solve the minmax problem of

m)?xrrgnﬁ(@,)»)-i-ﬁﬂh(@)”z’

for some appropriately chosen 8 > 0. Since [|h(0)||*> = M’ Lpc(0), this may be
viewed as a combination of the original PINN loss and the Lagrangian. The
work of Son et al. (2023) proposed this formulation, namely, the augmented
Lagrangian relaxation method for PINNs. See also Lu et al. (2021b) where the
augmented Lagrangian is used to enforce constraints.

Continuity equations. One can impose a certain structure into the NN. For
example, we can define a divergence-free NN by using a curl field, e.g., in
Richter-Powell et al. (2022).

Sobolev formulation. In the design of loss functions, we can take Sobolev
spaces for Y and Z in (3.6) instead of L2 or L7 spaces. For example, we can take

Y = H'(Q), where the norm of v € Y is defined by \V/||v||i2 + Z?:l || axl.vHiz.

Similarly, we can consider Z = H'(I") instead of L?(I"). Then we can apply
proper discretizations on the integrals and obtain a loss functional for training,
see e.g., in Yu et al. (2022) and Son et al. (2021). Even higher derivatives of the
residuals are considered in Yu et al. (2022) and Son et al. (2021).

Adaptive activation function. The motivation of adaptive activation functions
(Jagtap et al., 2022b) is that different activation functions can significantly affect
the spectral gaps of neural networks and thus the training results. Two extreme
cases are sine or hyperbolic tangent (smooth) and the ReLu (nonsmooth). To
appreciate different activation functions, one can set the form of the activation
functions as o (-) = er —1ai0; (), where o;’s are the commonly used activation
functions which users prefer and a;’s are trainable logical values.

Separable PINNs. In separable PINNs (Cho et al., 2022), the following net-
work architecture Z;‘=1 I—[;jzl N;, j(x;) is used, where N; j(x;) is a feedforward
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neural network in x; only. Compared to the feedforward neural networks as a
function of (x1,...,xg) in (2.1), PINNs can be trained faster by 10-100 times.
The acceleration is due to the tensor-product nature of the network architecture,
which facilitates auto-differentiation. Similar network architectures of low rank
are considered in Wang et al. (2022a,b); Zhang et al. (2023a).

PINNs for high dimensions. A random batch method in dimensionality has
been developed in Hu et al. (2023), where the computational cost of deriva-
tives of feed-forward neural networks consists of computing the derivative in
a few randomly picked dimensions in batches and thus the computational time
becomes feasible even when the dimension is very high.

4 Approximation error for PINN in strong formulations

Motivated by the stability, we can directly derive an (posterior) error estimate.
Let ux € X be a solution to (3.1).

Assume that f and g are continuous (otherwise we use their approximations
which can be evaluated at the sampling points). Assume the neural network
unn is smooth enough such that Du yy and Bu yy is well-defined at sampling
points. Suppose that € = 0, i.e., we have no regularization.

4.1 A posteriori estimate

Let X = L*() and Y = L*(I"). By the conditional stability (3.3), we obtain
Nuyy —u*) < pc(IDuny — flly + 1Bunn — gl 2)
< pcy21Dunn = FI3 +21Bunn — gl)

=pc(v/2L(w, A) + \/ZEappr, £+ Zeappr, g)

where we have applied the inequality v/a + b < /a + +/b for a,b > 0 and
denote

1
Caprt = [1Duny = flly = D g Duny = %),

xXeQuy

1
€apprg = 1Bunn — glly — Y g (Buny = 2 (x)

xel'y

Both quantities can be estimated by the upper bounds of their corresponding
Radmacher complexity. If the sampling points are quadrature points and weights
are points-dependent, we may improve the bounds of these quantities by errors
of quadrature points, if all functions are smooth. We refer to Shin et al. (2023)
(applying Radmacher complexity) and Mishra and Molinaro (2023, 2022) (us-
ing quadrature bounds) for more detailed analysis.
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4.2 A priori estimate

Let Su* be a good mollifier of u* so that one can make of the derivatives of u*
at the sampling points. By the conditional stability (3.3), we obtain

Nuyy —u*) < pc(IDunny — flly + 1Bunn — gl 2)
< pc(|Duny — Su®) |, + || Bluny —Su®)|,

approximation

+ ”f_Z)S”*“Y+ ”(g_BS“*)”z)'

mollifying

Observe that | D(uxy — Su™)|ly + [|B(uyy — Su*)||z can be bounded by cer-
tain norms of uyy — Su™ and their derivatives. Thus this error can be small
by the universal approximation theorem of the underlying neural networks and
convergence rate can be quantified. The mollifying error can be estimated by
the classical mollifier [pq e‘”&p(%)u (v) dy, where e_dgo(%) is a compactly
supported function approximating the Dirac delta function in the distribution
sense. With some mild moment conditions on ¢, the convergence order of mol-
lifier depends on the smoothness of the solution u*. Also, Su* can be some
approximate solution by certain numerical methods. A similar idea is presented
in Shin et al. (2023) in more details.

The strong formulation may require high smoothness which the solution may
not admit. While the estimate here is insightful, it may not be useful in practice,
especially when solutions are not smooth. This is a strong motivation of using
weak formulations.

5 Training/optimization methods

The PINN methodology requires to solve an optimization problem. In prac-
tice, one needs to properly choose a numerical optimization algorithm to solve
it. First-order gradient-based optimization algorithms have been popularly em-
ployed in this regard mainly due to their simple implementations and reasonably
good empirical performance for diverse problems. We briefly discus several nu-
merical optimization algorithms for the PINN methodology.

Let V,, be a class of neural networks, e.g., V;, defined in (2.2). Optimization
problems defined on V,, are equivalently written as optimization problems on
a finite-dimensional space, e.g., RIL!, That is, by letting L(0) := L(unn(-; 0))
for any unn € V1, we are concerned with solving the following minimization
problem

min L(6). (5.1)
feRiLl
In what follows, we briefly discuss popular optimization methods and strategies
for the PINN methodology.
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5.1 Initialization schemes

How to initialize hyperparameters of neural networks plays a pivotal role when
it comes to iterative algorithms. As illustrated by the convergence analysis of
Newton’s method, a well-chosen initialization can dramatically improve the per-
formance in practice. Several works have studied random initialization schemes
for deep NNs. Popular initialization schemes use either Gaussian or uniform
distributions for weight matrices and set bias vectors being zeros. See the table
below. The underlying principle of many initialization schemes is to make the
unit variance to avoid the so-called exploding/vanishing gradient, which refers
to the phenomenon in which deep NNs yield either too big or too small gradi-
ents. Very large gradients will make training algorithms diverge and very small
gradients will take forever for algorithms to converge. This requires one to com-
pute the variance with respect to all the weights.

The Glorot initialization (Glorot and Bengio, 2010) was proposed based on
the linearity assumption. Suppose ¢ (x) = x, also known as the linear activation
function). Since all the bias vectors are initialized to zeros, assuming Wwbs are
independently initialized whose element has mean zero and variance oez, it can
be checked that the variance of the i-th element of u* is

4
Varluf ()1 = [ [rj-109) - Ix13 - ¥1<i <ne.
j=1

Let st(x) = Wlut=1(x) + bt. It follows from the chain rule that

-
OUNN _ dsttl OUNN =¢/(S[)(WZ+I)T OUNN
3S;f 3S;f gst+1 Lk gst+1’

where W.Z;:I is the k-th column of Wt Since ¢'(x) = 1 and gv’%‘{ =

(WL ... WD T we have
L
0
Var |:8_££:| = 1_[ (njajz) lxl3 Y1 <k <ng.
Sk j=t+1

The Glorot initialization aims at satisfying

0 ad
Var[uf (x)] = Var[u} (x)], Var —f = Var —Ll .Yk,

sy, s,

which are equivalent to ngaez =1 and ng_laez =1 for all £. Since the two are
met only if ny = ny—_1, as a compromise, the Glorot initialization (Glorot and
Bengio, 2010) sets

2
(Glorot initialization) : 052 =—
ng+ng—1
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The Kaiming initialization scheme (He et al., 2015) was developed based
on the rectified linear unit (ReLU) activation function. Let ¢ (x) = max{x, 0}
and suppose that the bias vectors are initialized to zeros and the weight matri-
ces are independently initialized from symmetric distributions around zero. Let
052 be the variance of each component of W¢. It follows from the symmetric

distribution assumption that E[(u} ' (x))?] = JVar[s; ' (x)] and thus

ng—1

1
Varls; (¥)] = o7 Elllu"~! () I3] = 07 ZVar[sk ()]

1
=301 neflVar[ Tl

The Kaiming initialization enforces Var[sf x)] = Var[sll(x)] for all £ and i,
which results in the condition of

(Kaiming initialization) : o, =

weight matrix bias vector hyperparameters note

Glorot Normal N(©,02) 0 o= W Linear, Tanh
(Glorot and Bengio, 2010) -
Glorot Uniform U(—a,a) 0 a? = W
(Glorot and Bengio, 2010) -
Kaiming Normal N(©,02) 0 o= % ReLU and variants
(He et al., 2015)
Kaiming Uniform U(—a,a) 0 a2 = %
(He et al., 2015)
2
RAI (Lu et al., 2020) N(0,02) + Beta(2, 1) 2 = WELIE Preventing Dying ReLU

Dying ReLU. Dying ReL.U refers to the phenomenon in which ReL U neurons
are inactivated and return zeros for all inputs. It has been empirically observed
that this could happen not only at the initialization but also during training. If a
deep NN was initialized as a constant function, i.e., all the neurons were dead,
the network cannot be trained by gradient-based algorithms as the gradient is
zero. The work of Lu et al. (2020) estimated the probability of such an event
(namely “born dead probability” in Lu et al. (2020)) with standard initialization
schemes including Glorot (Glorot and Bengio, 2010) and He (He et al., 2015).

Theorem 5.1 (Theorem 3.2 of Lu et al., 2020). Let n = (ny,...,n5_1) be
an architecture. Suppose that all weights are independently initialized from
symmetric continuous probability distributions around zero, and all biases are
either drawn from a symmetric distribution or set to zero. Then, the proba-
bility that the initialized deep ReLU NN is born dead is upper bounded by
1— [,1 L(1 =270y,
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The randomized asymmetric initialization (RAI) was proposed in Lu et al.
(2020) to alleviate the dying ReLU by breaking the symmetry in distributions.
Let V¢ = [W¢, bt] € Rex@e-1+D  The RAI scheme works as follows: Wl1 ~

N (0, i and b! = 0 as is in the Kaiming normal initialization. For every £ > 2
and j €{l, ..., n¢}, (a) randomly select an index kﬁ. from {1,...,np_1,n0_1 +
1}, and (b) initialize (V.Z) K ~ N(O, 0521) and (Uli)kl ~ Beta(2, 1) where 052 =

0116?017 VK is the j-th row of Ve, (Vl)k is the k-th component of Ve, (VZ) k 18

a vector constructed from le by omitting the k-th component. Here 0.6007 is an
2«/—

approximation of — 7 1+ %, which is derived from the second moment
analysis (Lu et al., 2020).

Data-dependent bias initialization. For two-layer NNs, the aforementioned
schemes often do not perform well as these schemes were meant for deep
NNs. In Shin and Karniadakis (2020), the data-dependent bias initialization
scheme for two-layer ReLU NNs was proposed which located neurons at
data points. Given W', the scheme initializes the bias vector b! according to
by = —w,jxik where x;, is a randomly selected input data point. By con-
struction, the two-layer ReLU NN at initialization is written as

ni
(Data-dependent Bias Initialization) : unn(x) = Z Wfkq&(Wkl (x — X)),
k=1

ni
(Zero Bias Initialization) : unn(x) =Y W2 (W/lx),
k=1

where W2k is the k-th column of W2. When the biases are initialized as zeros,
all initialized neurons are clustered at the origin. Consequently, it would take a
long time for training algorithms to distribute neurons over the training domain
to achieve a small training loss. In the worst case, along the way of distributing
neurons, it will get stuck at the local minimum. The data-dependent bias initial-
ization ensures that all neurons are randomly distributed over the training data
points.

5.2 Generic methods: stochastic gradient descent

The first-order gradient-based optimization algorithms have been popularly em-
ployed when it comes to (5.1) due to their simple implementation and reason-
ably good empirical performance.

The vanilla gradient descent (GD) algorithm commences with a random
guess 6 (following one of the initialization schemes) and updates the param-
eter according to the rule: fork=1,2, ...,

(Full-batch GD) : 6% =g*=D _ . vLe*D), (5.2)
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where 7y, is the learning rate or the stepsize for the k-th iteration. This is also
known as the full-batch training.

If the underlying computational domain is in either 3D or 4D (including
time), the discrete loss evaluation may require a large number of points in com-
putational domains. Consequently, the computation of the gradient becomes
very expensive. To alleviate such difficulty, (stochastic) mini-batch GD ap-
proaches are popularly employed. There are two main approaches. The first
one is the subsampling from a fixed set containing a large number of points.
Let Q3 C 2 be a fixed set with M > 1. Let m be a reasonably small num-
ber satisfying 1 < m <« M, which is referred to as the batch size. In the PINN
formulation, the full gradient of £ is written as

1
VLO) =2 Y, VLeel01(0) + 2V Loc(®),

XEQM

where L.[0](x) := Lre[unn(:; €)](x). It can be seen that the full gradient re-
quires M evaluations of VL[0](-) which can be computationally demanding
as M > 1. The computation cost grows linearly with respect to the number M
of sample points. Thus, the mini-batch training is popularly used in practice. For
the k-th iteration, let Q,(,]f ) C Q2 and define

1

vLEe* D ol =
k
"y

> VL% V1) + AV Lee0),  (5.3)
eri,],()

whose computation requires only m evaluations of VL. [0](-). The mini-batch
gradient descent algorithm then updates the parameter according to the rule:

(Mini-batch GD): 0% =9*=D _ . vr@e*-D;Q®) (54

where the sampling set Qﬁ,]f ) varies over iterations. Depending on how these
sampling sets are chosen, different mini-batch schemes are obtained. Let Q37 =
{xj}jylzl C Q and let M = gm + r where ¢ is the quotient and r € {1, ..., m} is
the remainder. Define

)i+ &k =Dm, ... om+ k- Dm} ifk#£0 (modg+1),
T+ gm, ..., M} ifk=0 (modgq—+1).

Let Sy be the permutation group of the set {1, ..., M}. Whenever (k — 1) =
s(qg + 1) for some nonnegative integer s, let o5 be a randomly uniformly chosen
element from Sj; and define

*) Oy ifk=1 (mod g+ 1),
o =
o®D ifk#£1 (modg+1).
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We are now in a position to describe some popular mini-batch schemes:

(Mini-batch without shuffling) : Q% = {x;} ¢y,
(Mini-batch with shuffling) : Q% = {(x,0j)}jer;-

(Mini-batch with replacement) : ijj) ~P,

where P is the uniform probability distribution over the set of all subsets contain-
ing m points from £2,7. Among the above three schemes, the mini-batch without
shuffling is considered as deterministic while the other two are stochastic. An
epoch is a unit that refers to the number of iterations taken to sweep the entire
M points (g + 1 iterations). In the full batch training, an epoch is equivalent to
an iteration.

The other is based on random sampling from the underlying probability mea-
sure w defined on 2. The distinct feature of this approach is that the reference
set €27 needs not to be formed. Rather, every iteration requires newly sampled
fresh m points from the underlying probability distribution w. Specifically,

(Stochastic Mini-batch) : Qf,’f) = {x;k)};f’:l

where {x;k)} C Q are i.i.d. samples from w.

Atevery iteration, one has the option to design an appropriate learning rate or
stepsize 7. It has been widely known that the learning rates should be chosen
sufficiently small for convergence and, at the same time, sufficiently large for
making meaningful progress within practically reasonable maximum epochs/it-
erations (e.g. 100K or 1M). From the optimization perspective, the optimal
learning rate is possibly found by following the minimization principle. Given
the current update direction d*=b (e.g. d%D = v rEe*D, Q,(,]f))), the prin-
ciple seeks the best learning rate that solves

n; = argmin £ (9(1‘7]) + nd(k*”) .
neR

However, the optimization problem is difficult to solve in general and the op-
timum solution is only available for a small class of problems (e.g. convex,
linear). In addition, the mini-batch version of the minimization rule remains
elusive which further prevents its use in practice. Hence, practically popular de-
signs heavily rely on users’ trial-and-errors, which require problem-dependent
hyperparameters to be tuned appropriately.

Let T be a positive integer representing the number of iterations on which
the learning rate remains unchanged. While the initial learning rate g is chosen
in a problem-dependent manner, some popularly used values lie in the range of
[1073,1073]. The decay factor is denoted by y and the maximum and mini-
mum learning rates are denoted by nmax and nmin, respectively. Some popular
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schedulers include

[Constant learning rate] nx = 7o,

[Step Scheduler] nx = noy L+,
[Exponential Scheduler] 7 = noy*,

Nmax — Mmin

[Cosine Scheduler] nx = Wmin + 5

(1 4cos(zwk/T)).

In practice, especially when it comes to the PINN methodology, the vanilla
(stochastic) GD is rarely used, rather, their variants are typically employed.
One of the most popular variants is the adaptive moment estimation algo-
rithm, widely known as Adam. The update rule of Adam is given as follows. For
B1, B2 € [0, 1) whose default values are 0.9 and 0.999, respectively, let m©® =0,
v® =0 and € = 1078, Given an initialization 6(?, the k-th iterated parameter
is given by

(Adam): 00 =% =D _ i ® /(50 16,

where m® = ﬁm(k), 7®) = ﬁv(k), m® = gm* = 4 (1 — pgk-D,
1

v® = B®=D 4 (1 = B)g* D ® g*k=D and g*—D = vL@Ee®*=D; QM All
the operations are understood element-wise.

5.3 Quasi-Newton methods of 1.5-order

While first-order gradient-based optimization algorithms are popularly used,
they often suffer from either being stuck at local minima or slow convergence.
Perhaps, a natural extension of the first-order methods is the optimization meth-
ods that (approximately) use the second-order information, i.e., Hessian. New-
ton’s method is the representative one. While it could achieve the quadratic rate
of convergence, the computation of Hessian is computationally very expensive
if optimization problems are defined in a high dimension, which is the case for
NNs as the number of NN parameters is large. Therefore, the Gauss-Newton
type algorithms are popularly used which aim at approximating Hessian using
only gradient information. These algorithms are called 1.5-order methods.

The underlying idea of higher-order algorithms is to appropriately design a
local proxy function on which the minimum can be found easily. More precisely,
let U be a neighborhood of the current parameter %~ and one seeks to design
an approximation £ on U. The minimizer of the proxy function is then set to
the update rule. A natural proxy function comes from the Taylor expansion:

L) %L(Q(kil)) + <V‘£(9(k*1))’ 0 — Q(kfl))

1
+50 - 0 N H, 16 —6% Dy ..,
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where Hj_1 is the Hessian of £ at *~1_ The Taylor approximation degree up
to one yields

L£10) = LO® Dy 1 (vLe*Dy g — gDy,

Seeking the minimizer of £, then gives the gradient descent (also known as
the steepest decent) method, i.e., 8* = 0%~D — p, . v.LO*D). The Taylor
approximation degree up to two provides the multivariate polynomial of degree
up to two involving the Hessian

L0) =L@ D) 4 (vLe*D),0 —o*D)

1
+ 50— 0 T H 16 —o%D).
n

Assuming the Hessian is invertible, the minimizer of Lyis explicitly written as
(Newton’s method) 0®) :=6* =9*=D —p . g1 v.LEe* D),

which defines Newton’s update rule. Since the Hessian is expensive to compute,
the 1.5-order optimization algorithms seek to find alternative proxy functions
that do not require the Hessian. A generic proxy function may be written as

L150; B)=L0O% D) +(vLe®*D) 0 —g*k-D)

- i(e —0® =D)T g — =),
2nk

where B is an appropriately chosen matrix that does not require the second order
partial derivatives. The 1.5-order method is then determined by the minimizer
of £15(6; B), i.e.,

(1.5-order method) 6% :=9* =p*=D . B=lvL*D),

The quasi-Newton type algorithms are based on the principle of seeking the
Hessian approximation with the exact gradient. That is, it aims at finding B such
that VLOKD + n) = V£~15(9(k_1) + w; B) where the gradient is taken with
respect to . It then can be checked that u and B should satisfy the so-called
secant equation

(quasi-Newton) VLEO®™D + 1) =vLO D) + 5, 'Bp.

The quasi-Newton type algorithms iteratively find the solution wx, By to the se-
cant equation. The update rule for uy is determined by the first-order optimality
condition, i.e., VLOX D) + ' Biuk =0 <= = —ni - B ' VLEOKD)
where the learning rate 7 is typically chosen to satisfy the Wolfe condi-
tions. Hence, the quasi-Newton algorithm reads 0 = ¢*—1 4 11, The core
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part of the quasi-Newton algorithms is on the update formula for By. While
several formulas exist, in the context of the PINN methodology, the BFGS
(Broyden-Fletcher—Goldfarb—Shanno) algorithm is one of the most popular

oy T T
ones. The BFGS updates By according to By, = By + 22k — BuuBum)

i ik g Bk
where yy = VLOK D + ) — vLEOKD),

For nonlinear least squares problems, which are equivalent to minimizing a
sum of squared function values, the Gauss-Newton type algorithms are popu-
larly used. These algorithms also follow the above principle and are obtained by
appropriate designs of B. The Levenberg-Marquart algorithm is one of the most
well-known algorithms of this type, whose design is given by

(Levenberg-Marquart) B=Al+1'J, or Adiag(J[J,)+JTJ,.

6 Approximation theory with small weights

Both shallow and deep neural networks are universal approximators, however,
their training behaviors may vary significantly. Since the NN parameters are ini-
tialized as small numbers, deep NNs may be preferred if they remain universal
under the constraints on the magnitude of weights and biases. Fig. 1 shows the
histogram of the magnitude of weights and biases of a 5-layer NN of width 100
at the initialization. We employ the Kaiming initialization (He et al., 2015), one
of the most popular initialization schemes for ReLU NNs. This demonstrates
that weights and biases are initialized to small values.
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0.01
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0 0.2 0.4 0.6 0.8 1
The absolute values of weights and biases

FIGURE 1 The histogram of the magnitude of randomly generated weights and biases for a 5-layer
ReLU network of width 100. The Kaiming initialization (He et al., 2015) is employed.

This subsection establishes a universal approximation theorem of ReLU
NN with constraints on the magnitude of weights and biases. The primary focus
will lie on the ReLU approximation to functions with (countably many) discon-
tinuities. As a pedagogical example, let us consider a simple learning task of
approximating a step function f*(x) = I[—y 17(x) where I4(x) is the indicator
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function where [4(x) =1 if x € A and [4(x) =0 if x ¢ A. It is readily checked
that for any € > 0, there exists a two-layer ReLU NN unn(x) of width 4 that
approximates f* within the £;-error of ¢, i.e., f]R | f*(x) — unn(x)|dx = €. One
such NN can explicitly be written as

1
uNN(x)zZ[¢(x+1+6)—¢(x+1—e)—¢(x—1+€)+¢(x—1—e)],

where ¢ (x) = max{x, 0}. This indicates that if the desired accuracy is € = 1073
and a two-layer ReLU network, Z?:l ci¢ (wix + b;), is used, the magnitudes
of cjw; and c;b; should be at around 500. It may suggest that many gradient
descent iterations are required to make all the ¢; w;, b; w;’s have the magnitude
of 500. In Fig. 2, the histograms of NN parameters are plotted that illustrate
the changes in magnitudes before and after the training. The top row shows
the results with the two-layer (shallow) NNs at varying widths — 4, 16, 64. As
expected, the magnitudes of parameters remain small as the width increases.
Similar results are observed with the three-layer NNs whose results are shown
in the bottom row.
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FIGURE 2 The histograms of weights and biases of networks before and after training for the
task of approximating f*(x) = I[—1,17(x). (Top row) Two-layer ReLU networks of width 4, 16,
64 (left to right) are employed. (Bottom row) L-layer ReLU networks of width W are employed
where (L, W) = (3,4),(5,4), (6, 8). Training is done by Adam over 300 equidistant data points
from [—3, 3]. The maximum number of epochs is either 50,000 or 100,000.

Fig. 3 reports the training loss versus the number of iterations at varying NN
architectures. It is seen that there is a tendency that the loss decays faster as the
width gets larger and the depth gets larger.

In what follows, we present a universal approximation theorem of deep
ReLU NNs with constraints on the magnitudes of NN parameters. We followed
the proof structure of Petersen and Voigtlaender (2018), while we made mod-
ifications in each step to ensure that the magnitudes of the weights and biases
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FIGURE 3 The prediction errors with respect to the number of epochs for the task of approxi-
mating f*(x) = I —1,17(x). (a) Two-layer ReLU networks of width 4, 16, 64 (left to right) are em-
ployed. (b) L-layer ReLU networks of width W are employed where (L, W) = (3, 4), (5,4), (6, 8).
Training is done by Adam over 300 equidistant data points from [—3, 3]. The maximum number of
epochs is 100,000.

were well controlled. Consequently, our new results will show the dependency
of the magnitudes of NN parameters in the NN architecture.

The class of functions to be approximated contains functions defined on 2 =
[—1/2,1/2]¢ that have the form of I ¢ (x)g(x) where g is a smooth function and
K is an appropriate compact set in 2 on which I is locally a horizon function.
To be more precise, let r € N, 8 € (0, c0) such that § =n + o where n € Ny
ando € (0,1],d € N>2,and B, p > 0. Then, Sﬁﬂ,d,B is the target function class
that is defined by

& g s =Ik(@)g) K €Kpan. §€Fpan). ©.1)
where g/ = ﬁ, F .4, is a class of smooth functions and K. 54,5 is a
class of tailored domains with smooth boundaries. Both classes will be defined
shortly.
The smooth function class is defined as follows.

Toan={feC1=1/21/2): | fllcos < B},

where [ fllcos = max{maxu <y 3% fllco, max—, Lip,(3f)}  and
Lip, (3f) := supy yeq vy %_yjﬁgy”

| f1lco.s = max {max 9% £ 1| co, max Lipg(af)} ,
|k|<n |k|=n

Lip, (df) :=  sup M

X,yEQ,x#£Y lx = yll°

Next, let us introduce the class of horizon functions. Let d € N>», x_| =
(x2,---,xg) eR¥"! and H := I0,00)xra-1 be the Heaviside function. We de-
fine

HF gap={foT €L®(Q): f(x)=H(x+y(X_1),X_1),
Yy €Fpa-1,8, T €ll(d,R)},
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where I1(d, R) is the group of permutation matrices. We are now in a position
to define a class of piecewise smooth functions of interest, which was originally
introduced in Petersen and Voigtlaender (2018). Let us consider a set of domains
with smooth boundaries. For r € N, let

Krpap:={KCQ:VyeQ,3f, e HF B
such that I (x) = fy(x) on x € 2N By—r ()},

where Ez—r () is the closed ball centered at y with the radius of 27" in || - ||oo-
norm. Note that every closed set K’ in € whose boundary is locally the graph of
a CP function of all but one coordinate belongs to %, 8,4, for sufficiently large
r and B.

To give a concrete idea of what functions belong to the class 8 d.B>
here we present an example. Let K = {(x1,x2) € Q:x1 +0.5 sm(27tx2) > 0}
which corresponds to the yellow region shown on the left of Fig. 4. Since
y =0.5sin(2mwx) € 2,127 as ||y llco2 =7, K belongs to K. g 4,3 With r =1,
B=2,d =2, B=100. In particular, for all y € Q and for all » € N, we have
fy(x1,x2) = H(x1 4+ 0.5sin(2m x2), x2) € HF g q4,p Which is equal to Ix and
shows, in fact, r can be any integer. Lastly, let g be the Rosenbrock function de-
fined by g(x1,x2) = (1 — 0.5X 1) + 100 % (0.5x2 — (0.5x1).2)?, which belongs
to 85 B.d.B where 8’ = 2. Then, the function I g belongs to the function class

8%’2’2’100 whose graph is shown on the right of Fig. 4.
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FIGURE 4 Left: The yellow region corresponds to K = {(x1,xp) € Q: x; + 0.5sin(2wx3) > 0}
that belongs to the domain class K. g 4 p with r =1, B =2, d =2, B = 100. Right: A piecewise
smooth function of the form I g (x)g(x) € Sf B.d,B where g(x) is the Rosenbrock function.

We now state the main theorem. Let r, n, o, d, B, p be given with 8 =
n+o wherer e N,n e Ng, o € (0, 1], d € N>, and B, p > 0, which define the
function class 8 d.B of interest.

LetM>1 be glven and let n = [log, n]. Let m € N be sufficiently large to

satisfy 2m +1) > (r +1 )p(d 1+ﬂ).

o Let (k, L) € N? such that m = k(L — 1) > L log, (‘OgZ”)
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e Let (s, ') € N? such that 7(d — 1, n, B) < (s'M)" ~! where 7 is defined in
(6.B.1).
o Let (s”,r”,r”) € N such that 22"*DM~! < 0.5(s"M)" ~! and (1 +
_1)ntB "
“SIB = (@ = Ds'+ HWT
B
o Let (s, ) € N? such that 277158 @ FDUM=1 < 0.5(s,M)"™.
B
e Let (s7, ;) € N2 such that 27@ 5 @ TDM-1 < 0.5(s, M)~ 1.
o Let (sé,r(,:,) € N? such that y(d,n, B) < (sL’gM)rg_1 where y is defined in
(6.B.1).
o Let (s;,ry,ry) € N* such that 22"+UM~! < 0.5¢s"M)” ! and (1 +
LB < (s’ + HW'E .

Let us define an architecture of 6g by

figy = (2" - (igy + 2%, (251)®™), 2T (ds + 1)@, (6.2)

where Lg, is the length of 7ig,, and

"

fige = (g, 2N 4 d — 1), N1 ((d — 1)s” + 1)@+,

Nid—1 — patp @t

where Py, = (d:") and

fig, = (Pd—l,n 220 ®iis, (2s’)®(’/*1)> n (Zd)®(nL+r/7l)7
where 7i; = (3(2F 4+2))®L.

Also, define an architecture of 6, by

"

" _d
iig, = (7igy, 2N +d), @Ng(dsy + 1)®Cet)), N =277 mFD,
(6.3)
where iig, = (Pd,,, 2l 20 @, (2s;)@<’é—1>) + Qd)®Ltre=h),

Theorem 6.1. For any Ix(-)g(-) € Sf,ﬁ,d g there exists a ReLU NN, ® such
that

~ _ B
IR[®](x) — Igx (¥)g)lz,, < C -2~ @ tmp 3D,

with fie = (igy + g, 7i3) and |®|e < M. Here C is a constant that depends
onlyonr, B, d, B, p. Also, Ok and 0, are ReLU NNs whose architectures are
given by (6.2) and (6.3), respectively.

Proof. The proof can be found in Appendix 6.D. O
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Remark 6.2. In the Appendix, we provided relevant approximation theorems
with the controlled magnitude. The results indicate that one can approximate
smooth functions with small weights, while discontinuous functions need deli-
cate approaches to control the magnitude.

7 PINN with observational data

Assume we have a forward problem to solve, and have some observational data
of the solution u, we can use the loss function by adding the data loss in the
PINN loss (3.9).

2 2
Lo =) )\x<2)[v](x)—f(X)> + > /\xf<3[v](X)—g(X)>

xeQy x'el

) gy [0 — 1 (xobs) 2 (7.1)

Xobs

Then we solve the minimization problem ming L(uyy; A).

If we have an inverse problem to solve, we may use a similar loss functional.
For example, when we solve the data assimilation Problem 3.2 or the Cauchy
problem of Poisson’s equation 3.3, we can still use the above formulation. For
the coefficient inverse Problem 3.4, we need to have two neural networks, one
for the solution u, and the other for p. In this case, we denote the loss function
at the continuous level by

Lluy, py:h) = + llu(x, 0) — gl

Ouy =V (pnVuy)|

2
L2(Q)
+ 100, )3 + llu = gll7 g ) + IV -0 = h(e, DIl -

data

Here the space W and the norm on it can be selected according to the Lipschitz
stability in Klibanov and Yamamoto (2006). Suppose that ® are the parameters
for the network py, we then solve the following problem infy @ L(un, pn; A).
While the observation data u(xqps) are available, the choices of 2,7, I3 may
be adjusted from the formulation for forward problems.

In the PINNs framework, it is essentially the same to solve both forward and
inverse problems. In both cases, we need stability of the problem to facilitate the
setup of loss functions. The difference may lie in the complexity— we need two
networks to solve inverse problems. Also, we may need some regularization to
stabilize the formulation, as the stability may not be available theoretically.

PINNSs have been applied to solve various inverse problems, such as elliptic
and wave equations in Mishra and Molinaro (2022), supersonic problems in
Jagtap et al. (2022a) and many others.
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8 Deep operator networks

The PINN for PDEs usually solve one single problem at a time and can be time
consuming. In particular training neural networks are performed for differen-
tial equations with fixed inputs, such as initial conditions, boundary conditions,
forcing, and coefficients. If one input is changed, the training process has to be
repeated. It is difficult to obtain outputs in real-time for systems that require
various sets such in multiphysics.

Operator learning via neural networks has been developed to accommo-
date varying inputs and predict in real-time. In operator learning, a fixed-
weighted/pretrained network approximates a continuous operator from the in-
put(s) to the output(s), e.g. in the DeepONets (8.4). Once such networks are
trained, we can predict/ evaluate at the desired input(s) in real-time.

To learn such networks, it often requires a huge amount of data to per-
form a least-squares regression for accurate approximations. For the learning
of solution operators from PDEs, the data are usually generated by accurately
solving the underlying PDEs with various inputs, which are usually modelled
by stochastic processes with mild smoothness, such as in truncated Karhunen-
Loeve expansions or a truncated Fourier expansion of stochastic processes.

8.1 Introduction

Let X and Y be Banach spaces. Consider a continuous operator G: X — Y
as follows. Let G(-) be represented using a Schauder basis {ex} in the Banach
space Y by G(u)(y) = Z,?il ck(G(u))ex(y), where ci(-) is a linear functional.
We denote by T,,u an approximation (encoder) or a parameterization of u# in X
and a truncation of the series

p
G p(Tnt) () =D _ e (G(Tuu))ex (y). (8.1)

k=1

Assumption 8.1 (Modulus of continuity). Let S C X and w : [0, 00) — [0, 00)
be continuous at 0. There exists a constant C > 0 independent of u, v € S.

I6w) -Gy = Cw(llu —vlx), VYu,veS, O<a=<l (8.2)

A particular useful choice of the function is w(-) = |-|* for some 0 < @ < 1.

The error estimate of a network approximation can be derived as follows.
We first split into three parts: approximation error from input, approximation
error from output and approximation error from neural networks and then we
can apply the modulus of continuity, the Schauder expansion and

I6W) — Gn(Tu)lly < I1GW) — G(Tu)lly + |G(Tntt) = G p (T ||
+ | Gnp (Tnt) — GN(Tw) ||
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<Cw(lu—Tuullx)+ D lex(@Tuu))l llexlly
k=p+1

+ |G, p (Tne) — Gu(Tuu) |, (8.3)
<Cw(llu — Tnulx)

+ Y (e (G(Tnu) — G| + ek (G)))) llexlly

k=p+1
+ ”gmp(Tm”) - gN(TmM)“Y .

From this decomposition, we observe the factors of affecting the approximation
error of an neural operator:

e How the input u is encoded/approximated. At least two typical approxima-
tions are used: interpolation, Deng et al. (2022) and Li et al. (2020); and
truncated spectral expansion, Lanthaler et al. (2021) (from known basis) and
Zhang et al. (2023b) (from Mercer’s theorem).

e The choices of basis, which may significantly affect the efficiency of the
approximation as in the spectral methods, empirical spectral methods (e.g.,
proper orthogonal decomposition (Lu et al., 2022)).

e The architecture of neural networks, e.g. DeepONets (Lu et al., 2019, 2021a)
and extensions in Lu et al. (2022) and Zhang et al. (2023b), Fourier Neural
operators (Li et al., 2020).

In practice, we also have errors from training/optimization and from the mis-
match of the inputs for training and evaluating. Here we focus on the error from
the mismatch. DeepONet takes function values at a set of fixed m points for the
branch while the new input to evaluate at has function values at a different set of
m’ points. One way to accommodate this situation is to use a proper interpolation
(or approximation) to derive a function (say S,,/u) so that one can evaluate the
function at the set of m points that are required in the trained DeepONets. Note
that this reformulation of the inputs does not require retraining DeepONets. The
error for this accommodation can be bounded as follows.

IGN(TnSmu) — G lly < IGNTnSpru) — G Sww)lly + 11G(Smu) — Gy
< NGN(TnSwu) = G Sww)lly + Cwll Spu — ullx),

where we have applied the triangle inequality and the modulus continuity (8.2).

The estimate of w(||S,yu — ul|y) is well studied in approximation theory and

thus it is always assumed that the same set of m points is used for training and
evaluating.

8.2 Vanilla DeepONets

In Chen and Chen (1995b); Lu et al. (2021a), the architecture of neural net-
works for operator learning is called Deep Operator Networks (DeepONets) in
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the following form

p
Gnw) =Y N (Tu; ©) N (y:0W), (8.4)
k=1 branch trunk
where Tpu = (u(x1), u(x2), -+, u(xy))". Here the neural networks f~ and

g can be any class of functions that satisfy the classical universal approxima-
tion theorem of continuous functions on compact sets.

Theorem 8.2 (Universal approximation theorem, Chen and Chen, 1995b; Lu et
al., 2021a). Let K| C R be a compact set. Let V be a compact set in C (K1),
K> CR? be a compact set and Y = C(K3). Assume that G: V — Y is contin-
uous. Then for any € > 0, there are positive integers p and m, neural networks
lN(-; 6(")) ande(~; ®<k)), k=1,...,p,x; €Ky, j=1,...,m, such that

sup sup |G(u)(y) — GN(Tnu)(¥)| <, (8.5)
ueVyekr
where T,u is an interpolation of u at xi, ..., X, using (u(xy),u(xz),---,

u(xm))T-

The universal approximation theorem can be proved by emulating a trun-
cated Fourier expansion as in Chen and Chen (1995b). However, the con-
vergence order cannot be established therein as the branch networks is high-
dimensional as a function of (u(x1), u(x2), -, u(xy)). Also, according to the
proofs in Chen and Chen (1993, 1995a,b); Chen (1998), C (K1) can be replaced
by L?(K1), p > 1 and C(K>7) can be replaced by L9(K>), g > 1. But T,,u
should be replaced by averaged values T,u = (Tup(xy),..., Tty x ) T,
where Ty, uj(x;) = fB(xi’th u(t)dt/w(B(x;, h) N K) while u is the Lebesgue
measure and B(x;, k) is the ball centered at x; with radius 4. More generally,
these spaces may be replaced by Banach spaces with a Schauder basis.

8.3 Approximation rates for general Holder operators

As indicated in (8.3), for a given operator, the approximation error of Deep-
ONets depends on encoder/approximation of the input 7,,u and the choices of
basis and architecture of branch and trunk networks. To establish approximation
rates, we may use the current state-of-the-art where we emulate DeepONets by
certain numerical methods. Thus it is important to identify numerical methods
which the architecture is analogy to and how the numerical methods behave.
Here we use some conclusions from Deng et al. (2022) on the approximation
error of DeepONets using feedforward neural networks for Holder continuous
operators. The error is obtained by emulating truncated Fourier expansions in

3 The emulation provides error estimates and thus insights on how one can obtain and improve
architectures of networks for operator learning.
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the L7 space. Let N(-; €) be an feedforward neural network with parameters 6.
We use |0] to denote the size of is the total number of nonzero parameters; Ny
for the width of A is the number of neurons in each layer; L for the depth or
the number of layers.

Assume that

| Twu —ully <Cm™" |lully ,YueV. r>0. (8.6)

Theorem 8.3 (Error estimates of DeepONets for Holder continuous operators,
Deng et al., 2022). Assume that the conditions in Theorem 8.2 and (8.6) hold.
Assume that Ty, is Lipschitz continuous and G is Holder continuous with ex-
ponent a. Let Y = L1(K>), where 1 < g <00, Ky C RY is compact. Then we
have

1Gw) — Gr(Tm)lly < |GW) = G, p(Tntt) ||y + || G, p (Tiwtt) — Gr(Tuw) | 4
8.7)
where G, p(Tnu) is defined in (8.4) and

|G@) = Gn.p (Tt = Cm™" + Con(G(Trn), p~1%)q,
|G, p (L) = G (T | = C(P\/_ L Za/m + pexp(—|6| T+ ))

where r is from (8.6). The positive constant C is independent of m, p and Ny is
the number of neurons in each layer of the branch network, |0| is the size (num-
ber of nonzero parameters) of each trunk network tN, and L pN IS the numbers
of layers of the branch network.

Let us denote the order/magnitude of ‘> by ‘~ -’. According to Theo-
rem 8.3, in order to make the total error ||G(#) — Gn(Ttt)|ly < &, we need
to set m ~ 5_§, p~ 8_%, NgNLgN ~ s_% and |0| ~ (%M(%))‘Hl. The low
approximation rate and the high complexity is caused by the high dimension-
ality of the function (of 7;,u) and Hoélder continuous operators. If an operator
is smoother, faster convergence can be obtained, e.g. exponential convergence
in Lanthaler et al. (2021) and Marcati and Schwab (2023). In addition to the
smoothness of the operator G, the structure of the operators or approximate
operator G, p is also important for the convergence rates of DeepONet. For ex-
ample, for solution operators from partial differential equations we may have
better convergence as we can obtain G, , using well-studied and efficient nu-
merical methods and then neural networks can emulate these methods. In Deng
et al. (2022), it is shown that there is no curse of dimensionality (exponential
complexity in m) for several solution operators from PDEs. We will present
such examples from Deng et al. (2022) in Section 8.4.

Below, we discuss some theoretical considerations when obtaining error esti-
mates. I. Physical domains of inputs and outputs K| and K,. We usually assume
that the domains of K| and K, are cubes or balls, where approximations with
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convergence rates are well studied. If they are not cubes or balls, we use the
Tietze-Urysohn-Brouwer extension theorem to extend the operator such that
domains of input and output are cubes or balls (denoted by D). We denote the
resulting operator (with also extension of V and image) by G(u) if no confusion
arises. I1. Choices of function spaces for Gy. Let’s suppose that Gy maps func-
tions in V), to functions in Y,. Once we identify choices of the spaces V, V,,, ¥,
and Y, we are ready to calculate the approximation rate. In addition to the trun-
cated Fourier expansion for both input and output, we list in Table | some typical
choices of these spaces. Other choices are possible, e.g., V,, can be chosen as
the set of networks with m parameters, which can well approximate functions
in V while V,, is not a linear subspace of V. It is important to choose the best
possible choices to parameterize the input and output as they determine the di-
mensionality of the input and output of the operator G, , (T,,u). The choices are
highly problem dependent. In this work, we only consider two choices of piece-
wise polynomials and truncated Fourier space. We refer the interested readers
for more discussion in Kovachki et al. (2021b), Deng et al. (2022), Lanthaler et
al. (2021), and Marcati and Schwab (2023).

TABLE 1 List of some parameterizations of the input and output. Here RKHS
refers to reproducing kernel Hilbert space.

X(V)orY V,orY, Thu Ref.

LP piecewise polynomials  function values Deng et al. (2022)

L4 truncated Fourier space  Fourier coefficients Deng et al. (2022)

Lanthaler et al. (2021)

RKHS truncated RKHS (first N expansion coefficients  Lanthaler et al. (2021)
term of the basis) Zhang et al. (2023b)

analytic truncated orthogonal expansion coefficients ~ Marcati and Schwab

functions polynomials (2023)

8.4 Error estimates for solution operators from PDEs

‘We now consider error estimates of DeepONets for solution operators from lin-
ear and nonlinear advection-diffusion-reaction equations.

Example 8.4. Consider the following 1D advection-diffusion equation with
Dirichlet boundary condition:

—Uyx +ax)uy=f(x), x€(@O,L),0<L <oo, u@)=u(L)=0, (8.8)

where a(x), f(x) € L*°(0, L). The solution operator is defined from the coeffi-
cient a to the solution u by

u=6"(a). (8.9)
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Let {x, | be a partition of (0, L). Define a,, = (a1, - - ,am) |, where a; =
a(x;), x; € (0 L),i=1,2,...,m. From the solution (8.10), we can define a
solution operator by

Theorem 8.5 (Error estimates of DeepONet for the solution operator (8.9),
Deng et al., 2022). For any given f € L, let G/ (a) be the solution oper-
ator (8.9). Let S = {a(x): a € L*®(0, L), 9ya € L*°(0, L)}. Then, there exist
ReL U branch networks bN(am; eW) of size 0D =m* In(m) fori =1,---, p,
and ReLU trunk networks tN(x; 9(1‘)) of width Ny, =3 and depth L;,, =1,
k=1,---, p, such that

_%+E>

where gé(am) is of the form in (8.4), € > 0 is arbitrarily small and C > 0 is

sup
aes

‘Qf(a) —Q‘f\?(::lm)HLoc < C(p*‘ w4 ‘6(")

independent of m, p, |©®| and a(x).

The proof can be done by emulating the analytic solution as follows. The
solution can be written as

A-(D)(x)

w0 = ~(A 0 A) N+ T3

(ﬂ_ oﬂ+)(f)(L), (8.10)
where 1(x) =1 for x € [0, L] and A4 (g)(x) := fox AY)gdy, A_(g)(x) :=
Jo A7 (g (y)dy and A(x) = exp(— [, a(y)dy). We can utilize the analyti-
cal formulation (8.10) to show that |G/ (a) — G/ (Ia)||,~ < C |a — I%a] -
where I ﬁ)nv(x) = v(x;_1) (piecewise constant interpolation) on [x;_1, x;). De-
fine an approximation of G’ (a) as

AN (1) (x)

f = (AN oY AN 17
Gh@n) () i=—(AY oY ) (f Ot 2N D)

(A oY) (), 811

where AY (¢)(x) := [ T9,(Ag)()dy, AN () (x) := [ I9,(A~"g)(y)dy. The
approximation error introduced in this step can be calculated and the order is
m~!, which is the convergence order of piecewise linear interpolation. Then
G(a) can be approximated by Y 7 1Qm(am)(y,)Lp(y) where Lp(y) is the
piecewise mterpolatlon polynomial on a partltlon of (0, L) and the resulting
error is of order p~ Lyt . Approximating Qm (am)(yi) by ReLU feedfor-
ward neural network N (apm: ©) and Lp (y) by tN(y;0%)) we then obtain
a DeepONet in the form (8.4). The approx1mat10n error by neural networks
can be bounded by observing that Q,J:l (am)(y;) is a rational polynomial in
Vi = (v1, v2, ..., vy) where v; = exp(a; (x; —x;—1) and Lp(y) can be rewritten
by a linear combmatlon of two-layer ReLL.U neural networks and approximation
error estimates in Telgarsky (2017).
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Example 8.6. Consider the Burgers’ equation (8.18). Define the solution oper-
ator by u = G(u¢) from the initial condition to the solution.

ForleZ,xé=xj+27rl,j=0,1,--~,m,where [, ={-mT=xy<x1 <
-+ < Xy =} 1s a partition of [—m, w]. Let My, M| > 0. Define

S=8Mo, M) :={vl—rx.x) : |-y | Lo < Mo, 105 V)=o) 1L < M1,
T
17::/ v(s)ds =0}. (8.12)
—TT
Let Lsf’ (x) be the piecewise linear nodal basis over the partition I, hj = x; —
Xj—1, and h = maXi<j<m /’lj.

Theorem 8.7 (Error estimate of DeepONet for 1D Burgers equation with pe-
riodic boundary). Let G(ug) be the solution operator of the Burgers equa-
tion (8.18). Then, there exist ReLU branch networks gN(Tmuo,m; O0) of size
0D = O0(m?In(m)) fori =1,---, p, and ReLU trunk networks fN (x; %)
of size O(1), k=1, ---, p, such that for any t > 0,

sup |G (o) (-, 1) — GN(Tnuo) (-, )l Loo (-7, 7))
uoES
*%‘I’e)

where GN(Tug) is of the form (8.4), € > 0 is arbitrarily small and C > 0 is
independent of m, p, |©®| and the initial condition uy.

< C(p‘1 +m~ 4 ‘@m

The proof of the theorem can be established by three steps. First, it can be
shown that by (8.19), the solution operator G : X — Y is Lipschitz continuous,
where X =Y = L®°([—m, 7)). Second, let

P
G p(Tnu0) (X, 1) =Y G (Tuuo) (i, LY (), xp € T,

k=1

where Gy, (T, u0) is defined by applying the piecewise constant and linear inter-
polation in (8.19)

—2k [ 0:K(x, y, 1)(T},00) (y)dy
Je K, y, (T v0) (»)dy
voco(x)—i—vocl(x)—i- +vm 1C 1 ®)

— ,X=(x,1), (8.13)
VA ) + vt )+ + 00 2 (x)]

G (Tnup)(x)

where I 81 f and T ,%1 f be the piecewise constant interpolation and pieqewise
linear interpolation of f over I1,,, respectively, and vO = vo(x.,') = ]_[{:0 Vi,
(Vi =exp(— Mh )) and c (x),i=1,2,j=0,- — 1 are functions
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in x. In this step, the approximation error can be bounded by (Theorem 3.3,
Deng et al., 2022), for any x = (x, 1) € (—m, ) x (0, +00),

sup |G(u0)(X) — G p (Tntto; X)| = Cp™" + 5up |G(w0)X) — G (Tont: 0

ugeS upeS
M2
<cp! —|—2<—0+M1>h. (8.14)
K
Third, we can view Gy, (Tjnu0)(x) as a rational function in (Vo, Vi, -+, Vip—1) |

and thus can be well approximated by a ReLu neural network as in Telgar-
sky (2017). Specifically, there exists a ReLU network gN (Thuo,m; ©) of size
|®] = O(m2 In(m)) and a constant C = C(«x, Mo, M) > 0, such that for any
x € [—m, ) x (0, 00), there exists a set of parameters ®x such that

sup |Gm (Tuto; X) — g™ (Tuuo; ©x)| < Ch.
ugeS

Rewriting the basis L,f by a ReLu neural network, we then obtain the desired
conclusion.

Extensions to 1D Burgers equation with Dirichlet boundary condition and/or
forcing terms and 2D Burgers equation have been discussed in Deng et al.
(2022).

Example 8.8 (2D diffusion-reaction equation). Consider the following 2D
diffusion-reaction equation:

—Au+a(x,yu=f, inQCcR> Bu=0, ond<Q, (8.15)

where €2 is a rectangular domain and 8 can be the Dirichlet, Neumann or Robin
boundary operator.

Leta(x,y) € X, where
T ={a(x,y) e W2HQ)NL®(Q):0 <a(x,y) <Co}, Co>0.

Here 1 < r <3 and W*2 is the Sobolev space with square-integrable s-th order
weak derivatives. The theorem below states the rate of DeepONets approximat-
ing the solution operator of 2D advection-reaction-diffusion equation (8.15).

Theorem 8.9 (Approximation rate of DeepONet for 2D diffusion-reaction equa-
tions). Assume f € W' =22(Q), 1 <r <3. Let G/ (a) be the solution opera-
tor. There exist a branch network (blessed representation) N (a,,; ®) € RPX1
of size O(m>In(e™")) and ReLU trunk networks tN (x;0®)) € R of size
0O =0), k=1,---, p(p=m), such that

r— _1
sup |67 @) — Gliam| | _ = C(ogm)tm=F + [Ny Lyw| ),

acx
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where € > 0 is arbitrarily small and C > 0 is independent of m, Nyn, Ly~

f — (WN(a..- N TN N — (N (5 gD
and a(x,y). Here Gy(an) = (b (ay; ©)) 'tV and ¥ = (7 (x;0%), ...,
N (x;6P)).

As we don’t have analytical solutions, we emulate the finite difference
method to establish the approximation rate of a DeepONet. The proof is es-
tablished in three steps. First, we approximate the solution by the central finite
difference scheme and obtain the approximation error (log(m)) Smma when m
grid points are used. Second, we rewrite the solver for the linear system resulting
from the central finite difference scheme by applying the Sherman-Morrison’s
formula. Third, we emulate the Sherman-Morrison’s formula by a blessed rep-
resentation (a tree structure) (Mhaskar and Poggio, 2016) for branch networks
bN. Then we can obtain the approximation error estimates by the estimates of
the blessed representation in Mhaskar and Poggio (2016). Details of the proof
can be bounded in Section 4 of Deng et al. (2022).

8.5 Training DeepONets

To train DeepONets, we need the following:

e Sufficient amount of data, which represents diverse inputs and output;
e A suitable architecture for the underlying operator;
e A proper training method such as stochastic gradient descent methods.

High quality data generation is perhaps the first essential step for the success
of DeepONets. In real applications, data may be captured by placing affordable
and feasible number of sensors. When working with solution operators, we need
sufficient amount of data from efficient solvers of the underlying problems with
various representative inputs. The inputs are usually modelled with Gaussian
random fields with covariance functions such as Gaussian exp(— |x — y|2 /12)
in Lu et al. (2021a, 2022), Matern kernel (Li et al., 2020). It is crucial to
tune the parameters in these covariance functions to have representative in-
puts. Over a bounded domain D, we can obtain via Mercer’s theorem that
the Gaussian process can be written as (known as Karhunen-Loeve expansion)
Z,fil /Arer (x)&, where (Mg, ex) is an eigenpair of the covariance function,
& s are independent and identically distributed standard Gaussian random vari-
ables. Also, {ex}7>, forms an orthonormal basis in L?(D) over a bounded
domain D and thus has the capacity to represent a large class of functions in
a Hilbert space, which is called the reproduced kernel Hilbert space.

The architectures for DeepONets may be adjusted for different operators or
even for the same operator for a different level of accuracy. We will not discuss
this aspect further.

In the DeepONets, we often use the I, regression. Suppose that we are given
the data pairs (u, v)) ]J.=1 where v) ~ G(u)) (such as those obtained from

certain numerical methods or from noisy observations). Here the functions v(/)
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are given at certain points y;’s

Mx

XI: |on (TG v(f)(y,-))Hz. (8.16)

1i=1

J

Here the numbers / and J and the size of neural networks should be chosen
carefully to have an efficient calculation. These numbers can be estimated ac-
cording to error estimates, e.g. those in last subsections.

If we know the physics laws that the data obey, e.g. in the case of solution
operators from Dv = f with certain boundary or initial conditions, we may use
the physics-informed DeepONets, e.g., in Wang et al. (2021) and Goswami et
al. (2023) to improve the efficiency. The formulation may read as follows.

J

> (Z |G T 0 v |+ Z |26t — f[ @)

i=1 i=1

! (8.17)
with possibly extra terms on boundary and initial conditions. Here the points {z;}
can different from the points {y;}. The accuracy of DeepONets may be enhanced
by adding a norm of the gradients, e.g. Luo et al. (2023a) and in Section 8.7.

The training of the DeepONets can be performed with stochastic gradient
descent methods. However, due to the structure of DeepONets, the training of
the DeepONets can be split into two steps as in DeepONets with POD (Lu et al.,
2022) or SVD (Venturi and Casey, 2023): one can first perform singular value
decomposition and use the eigenvectors scaled by the positive eigenvalues as the
basis and emulate this basis to obtain trunk networks and then one trains branch
networks. In Lee and Shin (2023), a two-step training method is proposed based
on the Gram-Schmidt orthonormalization. The two-step method of Lee and Shin
(2023) is based on the matrix expression of the loss. Since the DeepONet can
be written as

GNW) =T Bw) where T(y:6)=["(y:6D).....~N (),
PN (Tu; ©1)
B(u; ©) = : ;
DN (Tpu; ©P))
where 6 and ® are the collections of all the parameters of the trunk and branch

networks, respectively, it can be checked that the loss of (8.16) can be expressed
as

L£6,0)=|T©)BO) - V|,

where T is the matrix of size I x p whqse i-throw is T (y;; 0), B is the matrix of
size p x J whose j-th column is B(u(/); ®), and V is the matrix of size [ x J
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whose j-th column is [v(j)(yl), R v(-/)(yl)]T. In the first step, the method
solves

in||T@)A—V|>%,
r;l’glll @) (2

where A is a trainable matrix of size p x J and let (6*, A*) be an optimal
solution. Then, the Gram-Schmidt orthonormalization is applied to the trunk
network, which can be done by the QR-factorization (or equivalently SVD),
which gives T (6*) = Q* R*. The second step then trains the branch network to
fit R*A*, i.e.,

©* = argmin || B(®) — R*A*||.
<)

Accordingly, the trunk network is given by 7' (y; 0*)(R*)~! and the branch net-
work is B(u; ®*), which gives the DeepONet trained by the two-step of Lee and
Shin (2023) is G () (y) = T (y; 6*)(R*) ™ B(u; ©).

Remark 8.10. It is worth mentioning some differences between the above two-
step training methods and the direct use of either SVD (Lu et al., 2022) or POD
(Venturi and Casey, 2023) for the trunk networks. A major difference lies in the
linear learning versus the nonlinear learning. The direct use of SVD or POD for
the trunk network means that one should expect only a linear relation between
data and the basis functions on a fixed grid. Yet, the use of the trunk network
in the learning process creates a nontrivial nonlinear relation between data and
the resulting basis functions. Furthermore, one can evaluate the basis (the trunk
network) on any points aside from the given grid. Admittedly, if one is inter-
ested in problems where the standard SVD/POD approaches perform well, one
may skip the first step of the training and use the SVD or POD basis instead of
training the trunk network. However, if one is concerned with problems where
the standard SVD/POD approaches suffer, e.g. advection dominated problems,
the nonlinear learning approach provides a viable option. In particular, Theorem
3.5 of Lee and Shin (2023) shows that there exists a trunk network architecture
having the smallest width of 4 that approximates any SVD basis. This indicates
that one advantage expected from nonlinear learning may be an efficient dimen-
sion reduction capability. A similar discussion can be found in the context of
the reduced order modeling (ROM) — linear manifold ROM versus nonlinear
manifold ROM (Kim et al., 2022).

8.6 Extending DeepONets

In Chen and Chen (1995b), N and bV are two-layer (shallow neural networks)
while multilayer feedforward neural networks are used in Lu et al. (2021a).
Various extensions in architectures are made such as using convolutions neural
networks for branch neural networks in order to accelerate the computation as
the input of the branch networks is very high-dimensional, adding Fourier fea-
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tures trunk networks or using cosine and sine functions as the inner layer of the
trunk network, e.g. in Lu et al. (2022).

DeepONets with proper orthogonal decomposition (POD) has been devel-
oped in Lu et al. (2022), where the trunk networks are replaced by the empirical
orthogonal basis from performing POD on the data. A similar idea is imple-
mented in Venturi and Casey (2023), where singular value decomposition is
applied.

Convolutional neural networks can be employed in branch networks to re-
duce the computational cost in Lu et al. (2022). Similarly, Fourier neural opera-
tors (Li et al., 2020; Kovachki et al., 2021a) can be applied as branch networks.

As mentioned in Section 8.1, the vanilla DeepONets depends on a fixed dis-
cretization and thus can be extended to take data from discretization of different
mesh size in Zhang et al. (2023b) by adding one more layer as a function of y
in branch networks. In Franco et al. (2023), the branch networks are designed to
accommodate mesh-based data.

Architectures of DeepONets can also be established via emulating efficient
numerical methods for the underlying operators. For example, the solution op-
erators arising from partial differential equations. For example, in Deng et al.
(2022), the above architecture of DeepONets for solution operators of 1D and
2D diffusion-reaction equations (on an interval and a square) can be established
by emulating finite difference methods and a numerical solver for the resulting
linear system. The approximation error estimates can be obtained accordingly.

8.7 Benchmark test: Burgers’ equation

Consider the 1-D Burgers equation with periodic boundary condition

Uy + Uty =Kiyy, (x,1) €R x(0,00), k>0,

(8.18)
ux—m,t)y=ux+m,t), ulx,0)=upx).

Then, by the Cole-Hopf transformation, the solution to (8.18) can be written
, where v; = kvyy, v(x,0) = vo(x) = exp ( — ﬁffﬂ uo(s)ds>.

With the heat kernel K(x, y, t) = \/4;7 exp ( — (x;(ytﬂ), we obtain

_ —2kvy
as U = v

fR 0K (x, v, Hvo(y)dy

=-2 '
u(x, 1) Ky Dvo(ndy

(8.19)

Here we assume that the initial condition u#(x) has zero mean in a period g :=
J7 _uo(s)ds =0 and thus vo(x) in (8.19) is 277 -periodic.

Remark 8.11. The condition we need in the Cole-Hopf transformation is
fR exp(—exz) [vo(x)| dx < 0o, which can be satisfied when ug(x) is piecewise
linear as assumed. Here € > 0. If the initial condition uo(x) has the average
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g # 0, we write the solution u(x, t) := v(x — ugt, t) + g, where v satisfies the
Burgers equation (8.18) with the initial condition of zero average ug — ug.

In the following experiments, we test two different formulations for Deep-
ONets for the solution operator G defined by u = G(ug) over the interval [0, 1]
(by scaling the domain from [0, 27r] to [0, 1], e.g., by x’ = x/(27), denoted also
by x), when « = 0.001.

Data generation. We use a Gaussian random field (GRF) to generate vari-
ous initial conditions. Specifically, we let ug(x) = f (sin®(ax)), where fx)~
GP (0, k;(x1, x2)), a is a constant s.t. u( satisfies the desired periodic condition.
The covariance kernel &; (x1, x2) is taken to be the Gaussian kernel with a length
scale parameter [ > 0, i.e., k; (x1, x2) = exp (— lx1 — x21? /2l2). We use a high
resolution Fourier spectral method to generate data u.

Architecture and Hyperparameters of DeepONets. We apply the plain Deep-
ONet of the form (8.4) with the following setting:

e m (data length, #sensors) = 641; #uga, train = 30,000; #ugaa test = 3000,
e (ADAM optimizer) learning rate = 6 x 10~* with exponential decay; epochs
= 500,000.
For the branch network, we use ReLU neural network with layers [m] 4 [200] x
10; and for the trunk network, we use the swish neural network with layers
[1]14[200] x 10;
We use the following two Loss functions: the standard MSE:

1
L= m I Tgata — G1 (Mdata)”lzz
1 Ny N,V 2
_ (@) (@)
- T® — ( ) ~ ‘ 8.20
Nux}vy;;’ =61 (u?) (v)) (8.20)
i=1 j=
and MSE with regularization by first-order derivatives:
1 2 hg 2
L= Nox Ny I Taata — G1 (Uda) 2 + mwy Taaa = G (udaa) 12
(8.21)

Here we obtain 9y, Tyu, by finite difference or spectral differentiation. The Deep-
ONet are implemented in Python3 and TensorFlow?2.

Index 1 2
Loss function L L
test MSE 5.313 x 1073 5.963 x 10~4

test relative 12 8.146 x 102 2.115 x 102
test mean [°° 3.065 x 1071 1.093 x 107!
test max [°° 2.888 x 100 1.999 x 100
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From the table, we observe that using H! regularization can enhance the
accuracy.

More benchmark problems can be found in Lu et al. (2022) and Luo et al.
(2023b) (fluid flows) and in many related works.
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Appendix 6.A Approximation of elementary functions with
ReLU NNs

Note that the ReLU activation function satisfies the positive-homogeneity of
order 1, i.e., for any a > 0, we have

$(ax) =ag(x),

where ¢ (x) = max{x, 0}. Therefore, for any C > 0 and any ReL U network em-
ulated by {W*, be}l%:l, we have

R[61(x) = CLERIGc1(x) where 6c={C'w' C'pYL .

Therefore, in principle, there is a simple way of controlling the magnitude of
weights and biases by setting C >> 1 and by expressing a (possibly) large number
Cl with additional layers of controlled weights. However, such a naive con-
struction will not consider the potentially complex structure of R[f] and may
lead to unnecessarily large NN architectures at the end.

Lemma 6.A.1 (Magnitude control by depth and width). For any C > 0, sup-
pose s € N and r € N>, satisfy C < s""IM". Then, there exists a r-layer
ReLU network R[0] : R — R with the architecture of ng = (s@(r_l)) and
M0] =25 + (r — 2)s? such that

RIO1(x) = Cop(x), 0100 = M.

Furthermore, assuming r € N>y, there exists a r-layer ReLU network R[6'] :
R — R with the architecture of g = (2s®7 V) and M[0'] = 4s + 4(r — 2)s?
such that

R[6'](x) = Cx, 60"|00 <M.
Proof. Let W! =M, --- ,M]" e R®*! and W" = —$[M, --- ,M] € RS,

For2 <l <r,let [W'];; =M e R***. By letting o' =0 forall 1 </ <r, it then
can be checked that R[0](x) = C¢ (x) with & = {W!, b'}/_, and |0]sc <M.
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Similarly, let W' =[M,--- ,M,-M,---,-M]" € R**! and W" =
= IM,(W HT e R*2 For 2 <l <r,let Wl = (W DT e R forall 1 <i <
2s. By letting bl =0forall 1 </ <r, it then can be checked that R[6'](x) = Cx
with 0’ = (W, b'}7_ and |0'|oc <M. O

Lemma 6.A.2 (Duplication of Width). Ler 0 = {W* b*}[_| be a ReLU NN

whose architecture is fi@ =(ny,...,np—1), letkeNsy,and je{l,...,L —1}.
L

Let 9’ k= {W[j K [j,k]}ezl where

@j=1:
W]/'klzlkxl(X’W1 bljk =1kx1®bl
W =loa @ Wb, =k a ®b' if2<e<L—1

L—1pL
W]k]_llxk®W b[/k k b’

(f2<j<L-1):

14 ¢ . )
Wi =W" b =b" ifl<t<j
Wi =Lk ® WO b, 1 =k L @ 0" if j<t<L—1

L—jpL
WEg =1k @ WE bl o =kE—7bE.

Then, the ReLU network 6] ; ;) Satisfies

RO 1)) =k~ - RIO1(C),

with the architecture ofﬁg[/_” =(ny,...,nj_1,knj,...,knyp_1). Furthermore,
ik

[Wiloo = W oo and |bjy oo = k™00 bE o, for all 1 < £ < L. In partic-

ular, if b* =0 for all £ > j, we have |0 | oo = |0]oo-

Lemma 6.A.3 (Concatenation of two networks). Let 6; = {W', b! }lL ! | and 6, =
(A, cl}lL:21 be two networks whose architectures are ii; and the output dimension
of R[61] is equal to the input dimension of R[6;]. Then, there is a ReLU network
0 that emulates the composition of the two networks, i.e., R[0](x) = R[02] o
R1611(x) for all x with the architecture of i = (i1, iiy) where

0 :={W', b, ... (AWl AL 4 ey (A%, P, -, (AF2, el
(6.A.1)

Proposition 6.A.4. Let R[] : RY > R be a L-layer ReLU NN with the ar-
chitecture of g = (n1,...,n_1) and |0plec = B > 0. For any M such that
Me (0,B), keNand je{l,...,L — 1}, suppose (s,r) € N x N satisfying
(%)L < kL=I(sM)"~1. Then, there exists a ReLU NN R[] such that

RIO1(x) = R[60](x) VxeR? |0l =M,
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with the architecture of ig = (ni, ...,nj_1,knj, ... knp_1,2s®C=D),
Proof. Let 6y = {W¥, be},f:1 and observe that

RI0010) = (PRI, o = [ W, S,
which gives [0p M|co <M.

Suppose (s,r) € N x N>, satisfying (%)L < (sM) L Following the con-
struction given in Lemma 6.A.1, but by setting the weight matrix of the 1st
hidden layer as [1,...,1,—1,..., 117 e R2*1 e obtain a r-layer ReLU NN
R[O'] such that R[6'](x) = (%)Lx for all x with the architecture of g =
(2s® =Dy Let R[9] be the composition of R[0'] and R[6y m], which gives
R[O](x) =R[O'] o R[Op](x) = (%)LR[Q(),M](X) for all x. It then can be checked
that the architecture of R[6] is 7y = (ﬁ@o, 259 _1)). The layer that connects the
last layer of 6y and the first layer of 6’ (see (6.A.1)) is given by

M M
N A i S L €= 1 AN F FRTRIS P RS | I CO U
B B
whose maximum norm is bounded by M. Therefore, |6]|, = M. O
Lemma 6.A.5 (Heaviside). For x = (x1,--- ,xq) € RY, let

I0,00) () ifd=1,

H(x) =
IH[O,oo)del(x) ifd > 2.

Suppose (s,r,k) € N3 such thate " '"M~2% < k(sM) ~L. Then, there exists a ReLU
network 0 such that ng = (2k, 2597~V and |0|oo =M and

_1
IRIO1C) — HOll L pgay <€ 7.
In particular, by letting s = k, we have iig = (2s%7).

Proof. First, we observe that V(x3, ..., xq) € R4,

1 if € <x
He(x) = He(x1,...,x0) =€ [p(x1) —p(x1 —€)] =10 ifx; <0
e’lxl if0<x <e

and ||I:I€(-) — H(o)||’£p(Rd) < €. Assuming € € (0, 1], observe that I:Ie(x) =
e TM™2R[6p](x) where R[6p](x) = M(¢ (M, 0]x) — ¢([M, 0]x — eM)) with
fig, = (2) |60 = M. Suppose (s, 7) € N x N>3 such that e 'M~2 < (sM)" 1.
It then follows from Proposition 6.A.4 that there exists 6 such that R[0] = 1:16
with 71 = (2, 2s®7=D) and || = M. O
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Lemma 6.A.6 (Indicator 1D). Let (s,r k) € N3 satisfying e "M% < k(sM)" 1.
Foranya,be[—1/2,1/2] and € € (0, %], there exists a ReLU NN, 0 such that

1
IRIO1C) — L1 (DL, @) = (p n le)p,

with g = (4k, 2597~V and 10| = M. In particular, if s = 2k, we have ity =
(2597).

Proof. For any a,b € [—1/2,1/2] such that a < b, let us consider a two-layer
NN, 6 such that

1
7€[9€](x)=g[¢(x—a)—¢(x—a—e)—¢(x—b+6)+¢(x—b)],

which satisfies |R[60]1(-) — Tja.5 ()|, ®) = (2 Jo Gxypdx)t/p = (ﬁe)l/l’.
Assuming € < %, observe that R[6:](x) = e M2 R[6p](x) where

R[60](x) = M[¢p(Mx —Ma) — ¢(Mx —M(a + €)) — ¢ (Mx — M(b — €))
+¢(Mx —Mb)],

with 7g, = (4) and |6p| = M.

Let (s,r) € N x N>3 satisfying e M2 < (sM)”]. It then follows from
Proposition 6.A.4 that there is a ReLU NN, 6, such that R[0] = R[6] with
g = (4,259 "Dy and 10|00 = M. O

Lemma 6.A.7 (Parallelization of multiple NNs, Petersen and Voigtlaender,
2018). For j=1,...,N, let Qf be a L-layer NN whose qrchitecture is 719,-. Let
us define the separate Psp({Gf};V:l) and the joint Pjt({é’f}jy:l) parallelizations

of {67} by

RI6'1(z1)
R[Psp(6/))_D1(z1, - 2n) = : :
RI6OM1(zn)
RI6'](x)
RIPi((67))_)1(x) = : :
RIOV](x)
whose architectures are
N

Mepo V) = MRy T > ftas
j=1
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and

IPop (167} Dloo = [P ({607 Y )loo = max 16 |0o-

Remark: If the output dimension of R[67] is 1, the weight matrix of the
last layer of Psp({éﬂ }N 1) is the form of the block diagonal matrix. This allows

one to express Z =1 RI671(z ;) without affecting the magnitude of NN. For
the notational simplicity, if there is no ambiguity, we denote the NN for such
summation by Py, ({6 }N )+ A similar statement works for PJt({GJ} _) as well.

Lemma 6.A.8 (Indlcator in d-dimension). Ford € N, let a;, b; € [—1/2,1/2]
with a; < b; and bizai “’ >eforalli=1,---,d. Let M > 1 be a given. For any

B> 1ande e (0, 2], let (s,7,7") e N x szz be integers satisfying
e "M <0.5(6M) !,
B < ((ds+ DHM) !
Then, there exists a ReLU network ® such that for any | f| < B,

IRI®IC, FO) = Trpa 0 5 OF Ol ey < 4dBe,

whose architecture is ig = (2ds + 2%+ and |®|o =M. Also, for any
|f1,1gl < B, we have

IRIPIC, f()) = RIPIC, gD, ey <21 =8l qpe

1[“1 il

Proof. Letx= (x1,---,xq) € R4 and y € R, and define

d
1 1
n(x,y) =dB¢ (3 DRI + ¢ (v/B) = 1)

i=1
d
1 1
—dB¢ (3 DRI+ ~h(=y/B) = 1) :
i=1

where B > 1 and R[7;](-) is a neural network from Lemma 6.A.6 satisfying
1
I Tg;. 61 (x) — RIO7,1(x) |, (&) < € 7. ]It then can be checked that

y 1fx€]_[ _1lai +€,b; — €],
0 1fx¢]_[ _lai, bil.

n(x,y) =

Since ¢ is 1-Lipschitz, we have |n(x, y)| < 2B whenever |y| < B. Thus, for any
| f| < B, since the Lebesgue measure of l—[?zl[ai, bi1\ I—[fizl[ai +e€,b; —e€]is



338 Numerical Analysis Meets Machine Learning

bounded by (2d)e, we have
In0%, £ O) =T 10 s OF Ol ey < CBYCA)e.

The rest of the proof constructs a ReLU network that exactly emulates
n(x, y). Let the architecture of T; be iy = (25s®") for all i.

Suppose B > 1 andM > 1. Let6* = {W{,b5),E| where W) = [B~';—B~],
W! = I for2 < £ and b = 0. Then, R[6*](y) = [ ¢(/B) } with 7igs = (287)

¢(=y/B)

and |0%|oc = M.

By modifying the bias vector of the last layer in ;, one can find 7 such that
R[T ;](x) = R[Z;](x) — 1 while having the same architectures and magnitude.
Let 0! =Py, ({Z7}%_, U6*) such that

RIL11(x1) — 1

R[Pyp((Zi), U6 (x 3) = R
di\Xd) —

RIO1(y)

with |0!|sc =M and 7ig1 = (d2s +2)®".
Let 63 = {Wl, bL}?_| where bl =0, W2 = 114 ® [1, —1], and

_ 1 1 --- 1 1 0
= D1 c R2kx(@+2).
s+ b "“[1 I 10 1]

Then consider © := 05 o 1. Then, it can be checked that R[@](x y) =
(ds+1)Bn(X y) with |®|s = M. By letting k = ds + 1, we have iig = (2ds +
2)€B(r+1).

Choose r’ € N such that B < ((ds + I)M)’,’l. It then follows from Propo-
sition 6.A.4 that there exists a NN 6 such that R[] = BR[®] = n(x, y) with
|0] =M and 7ig = (2ds +2)®C++D, O
Lemma 6.A.9 (Sum of Indicators). Ford € N, let a; 1, b;; € [—1/2, 1/2] with
ai; < by and % >eforalli=1,---,dandl=1,---,N. Let M > 1
be a given. For any B > 1 and € € (0, %], let (s,r,7') e N x N2>2 be integers
satisfying B

e "M <0.5(sM) !,
B < ((ds+ M) ™!

Let W be a RN -valued ReLU NN whose architecture is iy with |¥|s <M and
|R[V];(x)| < B for all |l and for all x € R4, Then, there exists a ReLU NN ®
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such that

<4dBNe,
Ly([—1/2,1/2]¢)

N
RIPIC) = D a0t RIVDC)
=1

whose architecture is ip = (fiy, 2N (ds + 1)@ and |®|o <M.

Proof. Let W be a given network having L layers and Id; be a Lo-layer identity
network such that R[Id;](x) = x for all x € R? with ﬁldd =(2d,---,2d). Let

6o = Pi({Idg, ¥}). Then, g, = (n + 2d)®©Lo=D and R[6](x) = [ * ]

RIV](x)
with |6y < M.

Let @p be a L = (r + r’ 4 1)-layer network from Lemma 6.A.8 such that
R(Ook](x, y) ~ T4 s .1 () forall [y] < B with i@y, = (2ds+2)®E=D,
Let él,k be a NN such that R[él,k](x, v) = R[Og 1 1(x, vi) which can be obtained
by modifying the first layer of ®g x. Then, fiél.k = ﬁ®0,k with |§1,k loo = 190,k loo-
Let 0; = Pje({01 }9’:1) such that R[01]1(v, x) = Y~ R[O0 x1(x, vi) with iig, =
(2N(ds + 1)@+ and |6, < M.

Finally, let ® := 0; e 6y. It can be checked that R[P](x)
YL RIO0 1(x, RIW] (x)) with fig = (i, (2N (ds + 1)®E~D) and [@]o, <
M.

Therefore,

N
R[D](x) — Z]Il—[:,iﬂ[al.yl,bivl]ﬂ[‘l/]z(x)
=1

Lp([~1/2,1/219)

N N
DG RIWLO) = Y T, RIVIGO)
=1

=1 Lp([—1/2,1/21%)

N

< D G RO =Ty REEI L 12,1200
=1

<4dBNe,

which completes the proof. O

Lemma 6.A.10 (Square x2). For any m € N, let L > 2 and k > 1 such that
m = k(L — 1). Then, there exists a ReLU network 0 such that

”R[G](_x) — x2||Loo[0,1] < 2—2(m+1)’

with the architecture of g = (2F +2)®L=D and 16| < 1.



340 Numerical Analysis Meets Machine Learning

Proof. We mainly follow the proof of Lemma A.3 of Petersen and Voigtlaender
(2018). Let us first define as in Yarotsky (2022) the function

2x if0<x<0.5
gx)=12(1—x) if0.5<x>1
0 elsewhere.

Fort e N, let g;(x) = gogo---g be the t-times composition of g. It then can
\—\f——/

t-times
be checked that
20 —k/27Y i 2 <x < & for some ke{0, 1, -+, 2711}
(X)) = =20 (x —k/2!71y if 2]‘2—71 <x< 22—’,‘ for some ke{l, ---, 271},
0 elsewhere.

Let f,(x) =x — Z:"zl 47" g,(x). It then follows from Proposition 2 of Yarotsky
(2022) that

2 )
I fin (X) = X"l Logfo, ) <2777

With this known result in mind, we now construct a ReLU network that exactly
represents f, (x), which already has been done in Petersen and Voigtlaender
(2018). However, we require all the network parameters to be bounded in abso-
lute values by M.

Let us define g;(x; k) as follows:

2 —1
gk =2 p(0)+2) (-1’9 (x _4—/%) Flx—47H)

s=1

We note that g;(x; 0) = g,(x) and 4" g, (4 S gy(x); 5) =47 S gy 5 ().
Let gk, Cr k> di € R2'+! defined by

_J4F ifi=lor2'+1
Bl =g cic g
0 ifi =1
[d, )i ={ —47*F ifi=24+1

—4h o ifl<i<2 41

and [¢;]; =27 (=D, [s,]; = Z(s,p)egz; 275(=1)P*! where

Qi={(s,p)ell, -, thx (1,---, 2%} 1i = p2' ).
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It then can be checked that

A7 (X) =l (ZoX +dm0), Y48 (x) =508, 0% +dm0)-

s=1

Since x = ¢(x) in [0, 1] and f,,(x) can be exactly represented by a two-layer

network of width 2™ 4 1 whose weights and biases are all bounded by 1 (in

absolute values) and the number of nonzero weights and biases is 3 - 2" + 2.
For the deep ReLU construction, consider

47" g, (x)
C1¢(W‘x+bl)=[ }
x— Y 14708 (x)

where

0

cl— |: e 0:| € R2X2'+2)

wil— |:gz,o:| cRZ*2 plo |:dz,0j| cR2+2
1 ’ ’

T
Next, we observe that

sTo(gro@ " g (x) +di) =47"sT ¢ (g1 0(g (X)) + dio)

k t+k
=471 4 (g ()) = Y A7)
s=1 s=t+1

Thus, we have

colv 47" g1 (x) e | A e
x =Y 47 (x) x =Y A )|

where

1
C— c 0 c R2X242)
—skT 1
For any integers L >3 and k; > 1 for j=2,---,L,letm = Z]L-zzkj and set
T
. ) 0 . i
Wi — gk]’Ockjfl ’ b — |:dkj,212ksj| , 1<j <L,
T
—skj_1 1 0
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and W2 = [—s] . 1] € R™*®*+2) and b’ = 0. Then, 6 = (W, bt isa L-
layer ReLU network with the architecture of

=0k 42,08 42, 2k 1 7),

such that R[0](x) = f (x). Also, since every elements of g, o and ¢, are less
than one, all the parameters are bounded by 1 in absolute values. O

Lemma 6.A.11 (Multiplication). For B > % andm €N, let (L, k,r) € N3 such
that

m=k(L—1),
B? <32k +2) L.

Then, there exists a ReLU network X satisfying

e forallx,y e [—B, B], we have |xy — R[x](x, y)| < 2~2m.
o forallx,y € [—B, B] with xy =0, we have R[x](x, y) =0;
o |X|ow<landiiy = (32K +2))®L+r=D

Proof. As in the proof of Proposition 3 in Yarotsky (2022), it follows from xy =
2 2 2
w% that we define

2
= (52) - (5) - ()]

Then, [, (x, y) — xy| < (£)".

Let 0° = {Wé, b(l)}lz:1 be a two-layer network of width 12 such that
RI6°1(x, y) = (Ix + y|/B, |x|/B.|y|/B)" and |6°|o < 1.

By Lemma 6.A.10, there exists a network 0! such that R[0!](x) = S (X).
Then Py (8') gives R[Pep (0)1(x, y, z) = L20=/nW=/n@) with 91|, < 1 and
g = (32K 4-2))®L-D),

Let & =Py, (') 0 6°. It then can be checked that R[0](x, y) = B 2y (x, y)
with [0|eo < 1 and g = (12, (325 +2))®L=D)_ Lastly, let (s, r) € N? such that
B2 < s 1t then follows from Proposition 6.A.4 that there exists 8’ such that
RIO'1(x, ¥) = hp(x, y) with |0’ < 1and iy = (12, 32K 4+2))SL—D (&0 =Dy

O

Lemma 6.A.12 (Monomial). Let a« = (a1, -+ ,ag) be a multiindex and let
n = [log, |a|]. For any integers L € N, let k > 1 such that m = k(L — 1) >
% log, (%) Then, there exists a ReLU NN ®y satisfying

o |x% —R[Og](x)| <12720"*D forall x e [—1/2,1/2]%,
o |Ogloo <1, andiip, =2, ..., 201 @715 where iz = (3(2% +2))®L.
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Proof. Let x = (x1,-++,Xn,) € R™. By letting 0! = {W/,b]} where W| =
el € R and bj = 0, it can be checked that R[0'](x) = x;. Also, by let-
ting 00 = {WO1 = O1xny> b(l) =1}, we have R[QO](x) = 1. Thus, any monomials
of degree < 1 can be represented by ReL U networks.

Let o = (aq, - - - , @g) be a multiindex such that
d
x*=xtxg, |a|=Zaj.
j=1
For any o, let us define 7y : {1,---, ||} = {1,---,d} such that 7 (i) = j if

Zz Lo <i< Zz , . Then, there is a 1- layer ReLU network § such that
R[0](x) € RI*! where [R[O](x)]; = X, ;) for 1 <i < |a|. It then can be checked
that M(0) = |«|.

First, let us assume that |o| = 2™ for any n € N. Let X be the multiplica-
tion network from Lemma 6.A.11 with B = 1/2 such that |R[X](x, y) — xy| <

2720m+D for all x,y € [—0.5,0.5]. Then, let xy := ng’l(i) if n > 1 and
x1 := x. By recursively applying similar procedures, we define

x% = x|, where i?::xjo---oxnfloané, l<j=n,

whose realization approximates x® within the error of n2~2*+D which can be
verified as follows. First, note that the network architecture of xf ,, is given by

i =[2"1 20 @0;.
We prove the error bound by induction on n. If n =1, we have |a| =2 and

X0 (1) % (2) — RIX OO = [Xg (1) X0 2) — RIXT (X (1) X (2))]
< 2—2(m+1)

which proves the claim for the case of n = 1.
Suppose the statement is true for it < n. For notational convenience, let us
denote R[0] as 0. Observe that

21\

[ [2ra) — RO 0| = ]"[xnam RIXI([X5 (), [%5 (0)]2)
i=1 i=1
2“
<[ Txre® — 2L X5 ()2
i=1
+ [ ) [x3 ()] — RIXI([X5 ()11, [x5 (0)])]
2n—1

<2720D L T sy — [X3 G| - |[X5 (012
i=1
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on zn—l
+ H X (i) — [X5 () ]2 1_[ X1 (i)
i=on-ly] i=1

S 272(m+1) _|_ (n _ 1)272("’14‘1) — n272(m+1)’

where the last inequality uses the induction hypothesis and the facts that
—1
<272and |[[x§(0)]2] < (n— 1272+ 4272 <1 — 272, Note

21’1
‘I_L-=1 Xrrg (i)
- 1 | n—1
m — 10 .
Z5 129 B

that m is chosen to satisfy

It now suffices to prove the case where 2"~ ! < |a| < 2™. Let ay, an be
multiindices such that a; + a2 = & where |o;| = 2" ! and |ap| = || — 27,
Let us consider the following network. Given a>, let 6 be a one-layer network
with the architecture of ﬁé = (ng, |a|) such that [R[é](x)]i =Xz, Let H(x) =

J times

[£1, HY(x) =Ho---oH(x) and HO (x) = x. Let By = H®™ /) (|a|). Since
201 | < 21, h|1a| =2.

Let us recursively define

where x7:=Xje---ex,_jexne6, 1<j<n,

n
1 j

o Py—
Xpul = X

where x j 1s a network such that

PL%J(;(), ifhg( is even,
P(PL%(i),IdLH,l) if bl is odd,
whose architecture is

L%J X if h{x is even,
% +290if b is odd
that satisfies

[RIx0100]

R (IRDS 101, IR 10T ), i 1< < 1% ),
[RIxT_ 101, if 1y, is odd
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It then can be checked that |x"‘ —R[ lﬁull](xﬂ < n272m+D) and the architec-
ture of x§ ,, is given by

et -1 0
né‘l’:luu:(d’vg s v b,
neimj _ b o er
where v = LTJ X +5;2%%, 5 =hy (mod 2),

for 0 < j < n. By observing L%J +s5; < 2"~1=J the proof is completed.  [J

Lemma 6.A.13 (Polynomials). Let ¢ € N, {x;}_, C [-1/2,1/2]% n =
logynl. Let y¢ = sta,mgn Cot (;‘)(—x[)“_f and let y =
maxjjj<n,1<t<q |¥j,¢l- For any m € N, let (k, L) € N2 such that m = k(L — 1) >
% log, (lOgZZ"). Fora given M > 1, let (s, r) € N? satisfying 7 < (sM)"~1. Then,
there exists a R?-valued ReLU NN ®,, such that |®,|cc < M satisfying

d
R[cbn]l(x) — Z Ca’l(x — xl)ol <y-n- < +I’l> ) 2—2(m+1)’
n

loe|<n

for all x € [—1/2,1/2) and for all | € {1, --- ,q)}. The architecture of ®, is
given by

71(1),, = (Pd,n : [2n_1 yeens 20] ® ﬁ>~<1 (2S)89(r—1))
where iiz = (32" +2)®".

Proof. Let x, x; € R?. By applying the binomial theorem, we have
o [ Ly

(x—x)%= ) (.)(—xo“—l(x)% ()=1‘[(>

O<j<a J J ioq \Ji

Thus, we have

3 i —x)* = car Y. (?)(—xe)“_j(x)j

la|<n let|<n 0<j<«
. o .
.
YW % ca,e(.)em j
lil=n j<alal<n J

Let ¥t = D j<a.jal<n Ca’g(?)(—)q)“_j and let ¥ := maxj<,,1<¢<q |%j,¢|. Let
s,r € N satisfy 7 < (sM)" L.
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Let {ot:1§|oc|§n}={oc1,-~~,otpé } where P) = Pg, —1and Py, =

(“*7), and let n = [log, n]. Let ®4 be the network from Lemma 6.A.12 such
that R[O4](x) ~ x*. If 1 < |a| < n, let us consider O' = O, o Id where 1d is
the identity network such that R[Id; 4](x) = x for all x € R? and that makes
O a (nL + 1)-layer network. Specifically,

(n—Tlog, |ee|T)L times

- - = 5T Mog, la|1~1 0
n@gxlz(d, v®gxt,1), v@)ixtz( 2d,,2d ,v;’a ,"',v>~<

where vé( a is defined in Lemma 6.A.12.
Let @), := j,(®§l’;t 1l<j< Pd”n) be a (nL + 1)-layer network such that

RIO,1j(x) =RIO(x),  1=j<Pj,.

. . o P~
and whose architecture is ng; = (d, Zji’]l Veext, Pg’l )
/ .

Let 01 = {G,, g.} be a layer such that
G.eRFin, g cRY,
1 1 .
where [G ] = ?Va,,e, [gcle = ?Voxo,l’ l<t<gq,1<j<Py,

Let ®, = 6; ¢ ®,. Then, ©, is a network with the architecture of ii@n =

P, .
(d, 3,2 Doge, q) that satisfies
' J

RO (X) = D catx —x)* <7 D 1x* — Ribe](x)]

lot|<n | <n
n
d+
=y (Zkl{a el = k}|) 2 2mAD) < 7n( ’ ”)2—2(m+1)_ 0
k=1

Lemma 6.A.14 (Lemma A.4 in Petersen and Voigtlaender, 2018). Let n € Ny
and B =n+ o where o € (0, 1]. For each f € g4, and xo € (—1/2, 1/2)4,
there exists a polynomial p(x) = Zlklsn cr(x — xo)k with |c| < %for all k| <
n, and such that

d" 8 d
If(x)—P(x)limBllx—XOll . Vxe[-1/2,1/2]%.

Proof. See Petersen and Voigtlaender (2018). O

Lemma 6.A.15 (Truncation). For B > 0, there exists a two-layer network 6 =
(Wi, ! }12:1 with |0)eo < 1 and ng = (d, 2d, d) that exactly represents the trun-
cation function tg(x) = sign(x) min{|x|, B}, i.e., max{1l, B}R;[0](x) = tp(xx)
forall1 <k <d.
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Proof. Let A=[1,—1], I,x1 =11, 117 and consider the following network 6 =
{W!, b}?_, such that

W' =min{l, B"1}I; ® 1o e R2*4 p! =min{l, B}l ® AT e R?4*1,
W2=I;,@ AcR>  p?>=_minfl, B}l R,

It then can be checked that max{1, B}R[0];(x, B) = tg(x;) forall 1 <] <d and
[0]oo < 1. O

Appendix 6.B Approximation of piecewise polynomials
Theorem 6.B.1. Letd € N, B =n + o where o € (0, 1]. Let n = [log, n]. Let
M > 1 be given. The following seven integers (k,L,s,s',r,r',r") decide the
specific architecture that depends on the approximation accuracy (controlled by
m, the magnitude M of weights and biases.
e Foranym €N, choose (k, L) € N* such thatm = k(L — 1) > 1 5 log, (logzn).
e Forany (s,r) € N2, let y(d,n, B) < (sM) ~! where  is defined in (6.B.1).
o Forany (s',r',r") € N3, let 22m+tDM~! < 0.5(s’M)" and 1+ < +IS)B <
((ds+ M)y ~1,
Then, there exists a ReLU NN ® such that |V | <M and for any f € Fp 4 B,
there are network parameters that depend on f satisfying

_s
£ () = RIWT 1, (12,1720 < C'(d,m, B, BY27 77 2" FD,

where C'(d,n, B, B) = 2max{max{d, n} max{(1 + dﬁ)B v(d,n, B)Py,},
d"+ﬁ

B}. The architecture of ® is given by
I _d
io = (o, 2(N! +d), @N(ds' + 1)+ N =275 @D,

where Py, = (d:") and

o, = (Pan 12", 201 @i, 2920 7D) + )LD,
where iz = (32" +2))®L.

Proof. Let N € N which will be chosen later. For A € {1, ---, N}d =: [N]d, let
us consider a partition of [—1/2, 1/2]¢ (with disjointness up to null sets):

d
Ai—1 1 A 1 d
I, = -, ===, L, =[-1/2,1/2
xn[NzNz} U 5=1-1/2,1/2]

i=1 A€[N)

)‘«i_% 1
N 27

x =[x =(
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Note that I, C B ll} y () for all x € I,. It then follows from Lemma 6.A.14 that
for each A, there exists a polynomial p; , of degree up to n such that

n ﬁ
If = Prnllco,y < mB (ﬁ) -

d

d" d
If = pPanllL,ay =N pn!B(N> :

Here we use || flIL, @) < w()/r Il £l co, where w(€2) is the Lebesgue measure
of Q. Then, we have

F) = D 1) paa(®)

re[N]4 Ly([—1/2,1/2}9)
I/p n+p
_ad
=| X 1-mall,,| =NP——B.
re[N]4

Also, since f € Fga,8, Il fllco < B and thus, it follows from Lemma 6.A.14
that

d" ~
IPrnllco,) = +-—d")B:=B(d. B, B),  Vie [N,

1
Ai—%

where B depends only ond, f and B. Let x; = [x,]; = ( e — %) for A € [N]4.
Here p, , is the Taylor polynomial of degree n centered at x;, which can be
written as

_ 9% f )
 al

Prn= Y Can(x—x)%= Y m(Cp,x)x", Ca,n

|| <n [k|<n

’

;
where ¥ (Ci, X3) = X ko jaj<n C:;’L—’f(ﬁ)(—xx)“fk and C, = {cga}jej<n C
[—B, B]4n. Note that for any f ¥8.d,B> Ica,n] < B for any A and o such
that || <n. Let

y(d,n, B) := max max [k (C, x)|. (6.B.1)
Cc[—B,B] dn [K|<n,xe[-1/2,1/2)4

For any m € N, let (k, L) € N? such that m = k(L — 1) > %logz (bgTz")

where n = [log,n]. Also, let s,r € N2 satisfy 7(d,n, B) < (sM)"~!. By

Lemma 6.A.13, we have a RV d+d-valued ReLU NN ©,, that approximates p; _,
forall A € [N ]d such that

IRIO015.(x) = pin @)ooty < F(don, B) - Py -1-272m4D 0wy e [N]9,
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and R[O,];.(x) = x; for A = N9 + jand 1 < j <d, whose architecture is

71 (Pd n [211 l - 20] ® ﬁ;(’ (2S)6B(r—l)) + (Zd)éB(nL-&-r—l)’
where ng = (3(2" +2))®L,

Let t be the separate concatenation of the truncation network from Lem-
ma 6.A.15 and the identity network. That is, let ®; =T e O. Then,
R[O),11(x) = T3 (R[O,11(x)) for 1 <1 € N9, and R[O),];(x) = x; forl = N9+ j
and 1 < j <d. Its architecture is

iy, = (e, 2(N! +d)),
and |@ |00 <M.
We now apply Lemma 6.A.9 with ®),. Let € < ﬁ Let (s, 7', r") e Nx N2>2
such that -
e M <0.5(6'M)" !,
dn ~ v
(I1+—d"B=B <(ds+DHM)" .
n!

Then, there exists a ReLU NN @ such that |® |, <M, iig = (71%, QN9(ds’ +
1)@+ and

RI®I(x) — > I ()RIO)15(x) <4dBN%.
relN Lp(1=1/2,1/219)

It then can be checked that

RI®Ix) — > I (x) - prax)

re[NJ Lp(1=1/2,1/21%)

= 2 e pra@) =1, - pra @], )
re[N]4

< Z {Hne(x,px,n(X))—HlA(x)'Pk,n(x)HLp(lk)
re[N]4

e Prn @) = e pra@] |
<NBe+ Y |prax)— Pk,n(x)HLp(lk)
re[N]4
< NddBG +Nd)7(d,n, B) - Pd,n n- 2—2(m+1)
< NYC(d, n, B){de +n22mtDy,
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where C(d, n, B) = max{B(d, n, B), y(d,n, B)P; ,}. Therefore, we have

I/ () = RIPI)N 2, (-1/2.1/21)

< |RI®IX) = Y T () - pralx)

re[N} Lp(—1/2,1/2]%)

f) = D7 T5() - pan(x)
relN)? Ly([—1/2,1/21%)

drtp
<NYC(d,n, B){de +n2720m+Dy L N~ f’—B
I’l

<C'(d,n, B, B)((e + 272t yNd L N—B),

where C'(d,n, B, B) = max{max{d nlC(d, n, B), 4

By letting N = 25" where s” 25”_‘_';1 and e =27 2(””‘1), we have

lIf(x) —R[‘Ij](x)||Lp([_1/2,1/2]d)
<C'(d,n, B, B)((e +272m+Dyds’ | 5=hs)

B
—2C'd,n, B, B)2” a8 T O

Appendix 6.C Approximation of horizon functions

Lemma 6.C.1. Let M > 1 be given. Let y € Fgq—1,8 and 6, be a ReLU
network that approximates y from Theorem 6.B.1 with |0, |cc < M. For any
€ € (0,1], let (sp,rp) € N2 such that e "M~ < (sp M), Then, there exists a
network ® such that

IRIPI(x) — Ljo,00) (X1 + ¥ (X—D) L2 (—1/2,1/214)

Ltp 3 1
52 P max ||V—R[ey]||L1([7]/2’1/2]d—1),E” )

with i = (iig, + 2%, (251)®™) and |®|oe <M.

Proof. For y € ¥g 41,8, let 6, be a ReLU NN from Theorem 6.B.1 that ap-
proximates y. Since the permutation matrix does not change the accuracy of
the resulting networks, without loss of generality (up to a constant), we assume
T=1,.

Let x = (xq, -+ ,xq) and x_| = (x2, - - - , xg). After modifying the first hid-
den layer of 6,, we obtain a NN, 9)’, such that R[G}’,](x) =x1 +R[0),1(x_1) with

16}, oo = 16y |oo and ﬁg; =1ig, + 2%L%s where Lg, is the size of 7ig, .
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For any € € (0, 11, let (s;,, r;) € N? such that e "M~ < (sM)". Then, there
is a NN 0 such that [|R[04] — Ljo,00) |, <€ /7.
Let ® =0y o6, withrig = (ﬁg;,ﬁgﬁ) and |® | < M. It can be checked that
IR[P](x) — L[o,00) (X1 + )/(xfl))”Lp([_Uz,]/z]d) <29max{E;, Ejr},

—1

whereg =14+ p~" and

E = |ITjo,00) (RI6;,1(x)) = Tj0,00) (X1 + ¥ =)l Lo (1= 1/2,1/21¢)
11 = ||R[6H](R[9,/,](x)) - H[O,oo)(R[e,/,](x))||Lp([_1/2,1/2]d)~

First, we note that for fixed x_; € [—1/2, 1/2]¢~!

x1+y(x-1) > 0and x; +R[6,](¥) <0
= x1 €[~y (x_1), —RIO,1(x-1)),

x1+y(x-1) <0and x; +R[6)](x-1) >0
= x1 € [=RIO,1(x-1), =y (x-1).

Thus, it then can be seen that
QIEN? < 2P|y = RO L1121 230-1)-

For Ejy, since |I[o,00)(x1) — R[Om1(x1)| <1Ijo,¢1(x1) for all x; € R, we have

(2qE11)p§21+p/
[—1/2,1/2)4—!

< 21+p/ edx_1 =2"1Pe.
[—1/2,1/2]4—1

/ To<x;+R16, 1(x_1)<e (¥)dx1dx 1
[-1/2,1/2]

Therefore,

IRIPI(x) — Tjo,00) (X1 + Y CD N Lo —1/2,1/214)

14+p

1 1
52 4 maX{”J/—R[ey]”zu[_l/z,l/z]d1)16”}- O

Theorem 6.C.2. Letd €N,  =n+ o0 where o0 € (0,1], r e Nand M > 1 be
given. Let w=[log, n]. Let m € N such that 2m + 1) > (r + 1)%.

o Let (k, L) € N? such that m = k(L — 1) > 1 log, (1°g2”>.

o Let (s',r') € N? such that 7(d — 1,n, B) < (s M)" "1 ywhere y is defined in
(6.B.1).

o Let (s” " "y € N3 such that 22™TOM™! < 0.5(s"M)" ! and (1 +
WD) g < (((d — 1)s' + MY~
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8
o Let (sy, 1) € N2 such that 27 P TOM=1 < 0.5(s, M)
8
o Let (s;,r1) € N? such that 27@ %0 " OM-1 < 0 5(s,M)"7 1.
For any K € K; g a,p, there exists a ReLU NN, ® such that |®|s <M and

B
IRIV](x) —Ix (), <C(r,B,d, B, p)2~ pa@TEp Gt

_ 1+
where C(r, B, d, B, p) =2\*7"'*7d(4qd + 275 C'(d — 1,n, B, B)'/P) and C' is
defined in Theorem 6.B.1. The architecture of ® is

o= Q2" (g, +2%, 25)®™), 27 (ds; + 1)®),

where Lg, is the length of ng,,, and

ﬁﬁy = (;i@()’ 2(Nd_1 +d— 1)’ (2Nd—1((d - 1)8/ + 1))619(',/_‘_',//))7

Nd—1 — patip @mt)

where Py, = (d:") and

o= (Pun- 2% 201 @i, )P0 D) 4 Q)LD
where i = (3(2F +2))®L.

Proof. For A = (A1, -+, Ag) € {1, ---,270}¢ =:[270]¢ et us consider a parti-
tion of Q@ = [—1/2, 1/2]¢ (disjointness upto null sets):

d

1 1
I, = A= D270 — — 3272 — . 6.C.1
A ]}[( ) 5ok 2} (6.C.1)

Note that for x € I, I, C E!ﬂlfooo ().

From the definition of K, g.4,5, foreach A € {1,--.,2" }d, there is a hori-
zon function f) € HF g.q4,p such that I, (x)Ix (x) =1, (x) fo(x). Thus, for any
K € %, 8,4,B, We have

Ik = Y T ).

ref270]4

The goal is to find a deep ReLU network that approximates
ZAQ[Z"O]d I, (x) f (x).

Letd —1€N, B=n+ o0 where o € (0, 1]. Let n = [log, n]. Let M > 1 be
given

e Forany m € N, choose (k, L) € N? such that m = k(L — 1) = } log, (°%").
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e For any (s,r) € N, let (d — 1,n, B) < (sM)"~! where 7 is defined in
(6.B.1).
e For any (s',r,r") € N3, let 220"*tDM~1 < 05('M)"~! and
_1\yn+B "
(1 + 90" B < (((d — s + DMWY
From Theorem 6.B.1, for any y, € F4-1,, B, there exists a ReLU network 6,,
such that

__ B
ly —R6y,1ll, < C'(d—1,n, B, B)2” T17 3"+,
whose architecture is given by

iig, = (ieg. 2N +d — 1), @N*71((d — D)5’ + 1)@+,

N1 = 2(1%1;_*_1/;(2171-‘4-1)

where P, , = (d:") and

e, = (Pd,n 20 2 e, <2s>®<r—”) +Qa)® A,

where iy = (32" +2))%L,

while |60y, .o < M. By Lemma 6.C.1, for any € € (0, 1], let (sp,75) € N2
such that e~IM~! < (spM)™ . Then, there exists a ReLU NN ©,, such that
ROy, 1(x) = R[O51(x1 + R[6), 1(x_1)) whose architecture is given by ﬁ@V =
iie,, = (g, +2%5  (25,)®") and |®|o <M.

By jointly concatenating {©,, }, cprj¢, Wwe have a ReLU NN 6p whose
architecture is rg, = 2’0dﬁ@y satisfying |0F|cc < M such that R[OF],(x) =
RIOk1(x1 + RI6,,1(X)) for A € [27]4.

For €’ < 2,.0%, let (s7, r7) € N? such that € ~'M~! < 0.5(s;M)"’~!. By ap-
plying Lemma 6.A.9, we have a ReLU network @ such that

RIPI) = Y ILRIOFC) <4.4.207.¢,
re[20]d Ly(1—1/2.1/214)

whose architecture is ¢ = (7ig,, (2709F ! (ds; + 1))®"7 and |®|o < M.
Lastly, observe that

IR[P](x) — Ik (D)L,

<27 | RI®I) — Y Ty, (ORIOF 1. (x)
re[2r)d L,
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+24 | 7 1, (0) (RIOF 1) = f.(0)

re[2r)d L,
< 24+rod {4de’+ max {[|R[OF](x) — fx(x)lle}}
re[2r]d

< p4+rod {4de’ 27 max{C'(d — 1,n, B, B)//P2~ 7R @mtD) 61/”}} .

__ s
By letting €'/P = ¢’ =2 @17 2" we have

_ B
IRIWI(x) — Ik ()2, < C(ro, B, d, B, p)2~ 7@ " FD

1+
where C(ro, B,d, B, p) = 29t7d(4d + 27 C'(d — 1,n, B, B)'/?) and the
proof is completed. O

Appendix 6.D Proof of Theorem 6.1

Proof. For K € K, g.a,B, let 0k be a ReLU network 6k from Theorem 6.C.2
that approximates Ig (x). For g € ¥ 4 p, let 8, be a deep ReLU network from
Theorem 6.B.1. Without loss of generality, let us assume that the number of
layers of 6, and 6k are the same. Let X be the multiplication network from
Lemma 6.A.11. We then define ® = X o P;j¢(8,, 0k ). It then can be checked that

IRIP](x) — Ik (x)g(®)llL,
< IR[XT(RI6,1(x), ROk 1(x)) — RO 1(x)R[61(x)|z,
+ 1ROk [()R[O1(x) — Ix (x)g()llL,,
<272 4 [RIOk1(x) (RI61(x) — g(0)) I, + 18 (x) (RIOK 1(x) — Tk ()) 1L,

Note that ||g]|co < B and |R[6k [(x)| < 1. Thus, it follows from Theorems 6.B.1
and 6.C.2 that

ROk 1(x) (R[Og1(x) — g(x)) Iz, < IR[O1(x) — gz,
<C'(d,n, B, B)27%ﬂ’(2m+1),
L om+1)
lg(x) RIOk1(x) — Ik (x)) L, < C(r, B, d, B, p)2 r@T+H ,
which shows that
[R[P](x) — Ik (x)g (X)L,

. #
<371¢ |:2—2m +2—m(2m+1) +2—m(2m+l):|’
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where C(r,B.d, B, p) = 3max{C(r,B.d, B, p),C'(d.n, B, B),1}. Since

— B B
a+F = pA@—1+p+B = pa-1+p = 1, we have

~ _ B
IR[®](x) — Igx (X))l < € -2~ Pt A+,

The architecture of ® is e = (g, + figg, ng). O
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