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(x, y, z)
slide down along z axis

→ (x′, y′, z′)
clockwise rotation by an angle o f Φ

→ (X,Y,Z).

[
x′ y′ z′

]
=

[
x y z + l

]
(1)

[
X Y Z

]
=

[
x y z + l

]  cosΦ 0 sinΦ
0 1 0

− sinΦ 0 cosΦ

 (2)

[
X Y Z

]
=

[
r sin θ cos ϕ r sin θ sin ϕ r cos θ

]
(3)

where r ⩾ 0, 0 ⩽ θ ⩽ π, 0 ⩽ ϕ < 2π.

From (3)

X2 + Y2 + Z2 = r2, X2 + Y2 = r2sin2θ,
(
X2 + Y2

) 1
2 = r sin θ, (∵ 0 ⩽ θ ⩽ π,∴ sin θ ⩾ 0) (4)

Therefor,

Z(
X2 + Y2 + Z2) 1

2

= cos θ, (5)

and
X(

X2 + Y2) 1
2

= cos ϕ

Y(
X2 + Y2) 1

2

= sin ϕ
(6)

1. 0 ⩽ ϕ < π,

Y(
X2 + Y2) 1

2

= sin ϕ ⩾ 0⇒ ϕ = cos−1

 X(
X2 + Y2) 1

2

 ∈ [0, π) (7)

2. π ⩽ ϕ < 2π,

Y(
X2 + Y2) 1

2

= sin ϕ ⩽ 0⇒ ϕ = 2π − cos−1

 X(
X2 + Y2) 1

2

 ∈ [π, 2π] (8)

If (x, y, z) is given, then we can get (r, θ, ϕ).
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I title

If r⃗ = u1e⃗1+u2e⃗2+u3e⃗3 = u4e⃗4+u5e⃗5+u6e⃗6, and {e⃗1, e⃗2, e⃗3}{e⃗4, e⃗5, e⃗6} is an orthogonal curvilinear coordinate
system, respectively. Then

e⃗4 =
1
h4

(
∂u1

∂u4
e⃗1 +

∂u2

∂u4
e⃗2 +

∂u3

∂u4
e⃗3

)
(9)

e⃗5 =
1
h5

(
∂u1

∂u5
e⃗1 +

∂u2

∂u5
e⃗2 +

∂u3

∂u5
e⃗3

)
(10)

e⃗6 =
1
h6

(
∂u1

∂u6
e⃗1 +

∂u2

∂u6
e⃗2 +

∂u3

∂u6
e⃗3

)
(11)

Form (9),(10),(11), we can get hi (4 ≤ i ≤ 6),

hi =

√(
∂u1

∂ui

)2

+

(
∂u2

∂ui

)2

+

(
∂u3

∂ui

)2

(12)

(9),(10),(11) also can be written as a matrix form as flowing:

e⃗4
e⃗5
e⃗6

 =


1
h4

∂u1
∂u4

1
h4

∂u2
∂u4

1
h4

∂u3
∂u4

1
h5

∂u1
∂u5

1
h5

∂u2
∂u5

1
h5

∂u3
∂u5

1
h6

∂u1
∂u6

1
h6

∂u2
∂u6

1
h6

∂u3
∂u6


e⃗1
e⃗2
e⃗3

 (13)

where hi =
∣∣∣∣ ∂r⃗∂ui

∣∣∣∣ , i = 4, 5, 6.

Then

B⃗ =
[
B1 B2 B3

] e⃗1
e⃗2
e⃗3


=

[
B4 B5 B6

] e⃗4
e⃗5
e⃗6


=

[
B4 B5 B6

] 
1
h4

∂u1
∂u4

1
h4

∂u2
∂u4

1
h4

∂u3
∂u4

1
h5

∂u1
∂u5

1
h5

∂u2
∂u5

1
h5

∂u3
∂u5

1
h6

∂u1
∂u6

1
h6

∂u2
∂u6

1
h6

∂u3
∂u6


e⃗1
e⃗2
e⃗3



(14)
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Finally,

[
B1 B2 B3

]
=

[
B4 B5 B6

] 
1
h4

∂u1
∂u4

1
h4

∂u2
∂u4

1
h4

∂u3
∂u4

1
h5

∂u1
∂u5

1
h5

∂u2
∂u5

1
h5

∂u3
∂u5

1
h6

∂u1
∂u6

1
h6

∂u2
∂u6

1
h6

∂u3
∂u6

 (15)

1. When u1
u2
u3

 =
x
y
z

 ,
u4
u5
u6

 =
x′

y′

z′

 ,
B1
B2
B3

 =
Bx

By

Bz

 ,
B4
B5
B6

 =
Bx′

By′

Bz′

 (16)

e⃗4 =
1
h4

(
∂u1

∂u4
e⃗1 +

∂u2

∂u4
e⃗2 +

∂u3

∂u4
e⃗3

)
=

1
h4

(
∂x
∂x′

e⃗1 +
∂y
∂x′

e⃗2 +
∂z
∂x′

e⃗3

)
=

1
h4

e⃗1 ⇒ h4 = 1 (17)

e⃗5 =
1
h5

(
∂u1

∂u5
e⃗1 +

∂u2

∂u5
e⃗2 +

∂u3

∂u5
e⃗3

)
=

1
h5

(
∂x
∂y′

e⃗1 +
∂y
∂y′

e⃗2 +
∂z
∂y′

e⃗3

)
=

1
h5

e⃗2 ⇒ h5 = 1 (18)

e⃗6 =
1
h6

(
∂u1

∂u6
e⃗1 +

∂u2

∂u6
e⃗2 +

∂u3

∂u6
e⃗3

)
=

1
h5

(
∂x
∂z′

e⃗1 +
∂y
∂z′

e⃗2 +
∂z
∂z′

e⃗3

)
=

1
h6

e⃗3 ⇒ h6 = 1 (19)

[
Bx By Bz

]
=

[
Bx′ By′ Bz′

] 1 0 0
0 1 0
0 0 1

 (20)

2. When u1
u2
u3

 =
x′

y′

z′

 ,
u4
u5
u6

 =
XY
Z

 ,
B1
B2
B3

 =
Bx′

By′

Bz′

 ,
B4
B5
B6

 =
BX

BY

BZ

 (21)

by (2)

x′

y′

z′

 =
 X cosΦ + Z sinΦ

Y
−X sinΦ + Z cosΦ

 (22)

e⃗4 =
1
h4

[
∂u1

∂u4
e⃗1 +

∂u2

∂u4
e⃗2 +

∂u2

∂u4
e⃗3

]
=

1
h4

[
∂ (X cosΦ + Z sinΦ)

∂X
e⃗1 +

∂Y
∂X

e⃗2 +
∂ (−X sinΦ + Z cosΦ)

∂X
e⃗3

]
=

1
h4

[
cosΦe⃗1 − sinΦe⃗3

]
⇒ h4 = 1

(23)

e⃗5 =
1
h5

[
∂u1

∂u5
e⃗1 +

∂u2

∂u5
e⃗2 +

∂u2

∂u5
e⃗3

]
=

1
h5

[
∂ (X cosΦ + Z sinΦ)

∂Y
e⃗1 +

∂Y
∂Y

e⃗2 +
∂ (−X sinΦ + Z cosΦ)

∂Y
e⃗3

]
=

1
h5

[
e⃗2

]
⇒ h5 = 1

(24)
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e⃗6 =
1
h6

[
∂u1

∂u6
e⃗1 +

∂u2

∂u6
e⃗2 +

∂u2

∂u6
e⃗3

]
=

1
h6

[
∂ (X cosΦ + Z sinΦ)

∂Z
e⃗1 +

∂Y
∂Z

e⃗2 +
∂ (−X sinΦ + Z cosΦ)

∂Z
e⃗3

]
=

1
h6

[
sinΦe⃗1 + cosΦe⃗3

]
⇒ h6 = 1

(25)

[
Bx′ By′ Bz′

]
=

[
BX BY BZ

] cosΦ 0 − sinΦ
0 1 0

sinΦ 0 cosΦ

 (26)

3. When u1
u2
u3

 =
XY
Z

 ,
u4
u5
u6

 =
r
θ

ϕ

 ,
B1
B2
B3

 =
BX

BY

BZ

 ,
B4
B5
B6

 =
Br

Bθ
Bϕ

 (27)

e⃗4 =
1
h4

[
∂u1

∂u4
e⃗1 +

∂u2

∂u4
e⃗2 +

∂u2

∂u4
e⃗3

]
=

1
h4

[
∂ (r sin θ cos ϕ)

∂r
e⃗1 +

∂ (r sin θ sin ϕ)
∂r

e⃗2 +
∂ (r cos θ)
∂r

e⃗3

]
=

1
h4

[
sinθ cos ϕe⃗1 + sin θ sin ϕe⃗2 + cos θe⃗3

]
⇒ h4 = 1

(28)

e⃗5 =
1
h5

[
∂u1

∂u5
e⃗1 +

∂u2

∂u5
e⃗2 +

∂u2

∂u5
e⃗3

]
=

1
h5

[
∂ (r sin θ cos ϕ)

∂θ
e⃗1 +

∂ (r sin θ sins ϕ)
∂θ

e⃗2 +
∂ (r cos θ)
∂θ

e⃗3

]
=

1
h5

[
r cos θ cos ϕe⃗1 + r cos θ sin ϕe⃗2 − r sin θe⃗3

]
⇒ h5 = r

(29)

e⃗6 =
1
h6

[
∂u1

∂u6
e⃗1 +

∂u2

∂u6
e⃗2 +

∂u2

∂u6
e⃗3

]
=

1
h6

[
∂ (r sin θ cos ϕ)

∂ϕ
e⃗1 +

∂ (r sin θ sin ϕ)
∂ϕ

e⃗2 +
∂ (r cos θ)
∂ϕ

e⃗3

]
=

1
h6

[
−r sin θ sin ϕe⃗1 + r sin θ cos ϕe⃗2

]
⇒ h6 = r sin θ

(30)

[
BX BY BZ

]
=

[
Br Bθ Bϕ

] 
sinθ cos ϕ sin θ sin ϕ cos θ

1
r r cos θ cos ϕ 1

r r cos θ sin ϕ 1
r (−r sin θ)

1
r sin θ (−r sin θ sin ϕ) 1

r sin θ (r sin θ cos ϕ) 0


=

[
Br Bθ Bϕ

]  sinθ cos ϕ sin θ sin ϕ cos θ
cos θ cos ϕ cos θ sin ϕ − sin θ
− sin ϕ cos ϕ 0


(31)
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Finally, by (20),(26),(31), we can get

[
Bx By Bz

]
=

[
Bx′ By′ Bz′

] 1 0 0
0 1 0
0 0 1


=

[
BX BY BZ

] cosΦ 0 − sinΦ
0 1 0

sinΦ 0 cosΦ


1 0 0
0 1 0
0 0 1


=

[
Br Bθ Bϕ

]  sinθ cos ϕ sin θ sin ϕ cos θ
cos θ cos ϕ cos θ sin ϕ − sin θ
− sin ϕ cos ϕ 0


cosΦ 0 − sinΦ

0 1 0
sinΦ 0 cosΦ


1 0 0
0 1 0
0 0 1


=

[
Br Bθ Bϕ

]  cosΦsinθ cos ϕ + sinΦ cos θ sin θ sin ϕ − sinΦsinθ cos ϕ − sinΦ cos θ
cosΦ cos θ cos ϕ − sinΦ sin θ cos θ sin ϕ − sinΦ cos θ cos ϕ − cosΦ sin θ

− cosΦ sin ϕ cos ϕ sinΦ sin ϕ



(32)

II title

∇ · B⃗ =
∂Bx

∂x
+
∂By

∂y
+
∂Bz

∂z

∇ × B⃗ =

∣∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂
∂x

∂
∂y

∂
∂z

Bx By Bz

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣ ∂∂y ∂

∂z
By Bz

∣∣∣∣∣∣ i⃗ −
∣∣∣∣∣∣ ∂∂x ∂

∂z
Bx Bz

∣∣∣∣∣∣ j⃗ +

∣∣∣∣∣∣ ∂∂x ∂
∂y

Bx By

∣∣∣∣∣∣ k⃗
=

(
∂Bz

∂y
−
∂By

∂z

)
i⃗ −

(
∂Bz

∂x
−
∂Bx

∂z

)
j⃗ +

(
∂By

∂x
−
∂Bx

∂y

)
k⃗

=

(
∂Bz

∂y
−
∂By

∂z

)
i⃗ +

(
∂Bx

∂z
−
∂Bz

∂x

)
j⃗ +

(
∂By

∂x
−
∂Bx

∂y

)
k⃗

(
∇ × B⃗

)
× B⃗

=

∣∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗

∂Bz
∂y −

∂By

∂z
∂Bx
∂z −

∂Bz
∂x

∂By

∂x −
∂Bx
∂y

Bx By Bz

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣ ∂Bx
∂z −

∂Bz
∂x

∂By

∂x −
∂Bx
∂y

By Bz

∣∣∣∣∣∣ i⃗ −
∣∣∣∣∣∣ ∂Bz
∂y −

∂By

∂z
∂By

∂x −
∂Bx
∂y

Bx Bz

∣∣∣∣∣∣ j⃗ +

∣∣∣∣∣∣ ∂Bz
∂y −

∂By

∂z
∂Bx
∂z −

∂Bz
∂x

Bx By

∣∣∣∣∣∣ k⃗
=

[
Bz

(
∂Bx

∂z
−
∂Bz

∂x

)
− By

(
∂By

∂x
−
∂Bx

∂y

)]
i⃗ −

[
Bz

(
∂Bz

∂y
−
∂By

∂z

)
− Bx

(
∂By

∂x
−
∂Bx

∂y

)]
j⃗ +

[
By

(
∂Bz

∂y
−
∂By

∂z

)
− Bx

(
∂Bx

∂z
−
∂Bz

∂x

)]
k⃗

=

[
Bz

(
∂Bx

∂z
−
∂Bz

∂x

)
− By

(
∂By

∂x
−
∂Bx

∂y

)]
i⃗ +

[
Bx

(
∂By

∂x
−
∂Bx

∂y

)
− Bz

(
∂Bz

∂y
−
∂By

∂z

)]
j⃗ +

[
By

(
∂Bz

∂y
−
∂By

∂z

)
− Bx

(
∂Bx

∂z
−
∂Bz

∂x

)]
k⃗
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In PINN:

∇ · B⃗ =
∂Bx

∂x
+
∂By

∂y
+
∂Bz

∂z
(DE1′)

Bz

(
∂Bx

∂z
−
∂Bz

∂x

)
− By

(
∂By

∂x
−
∂Bx

∂y

)
= 0 (DE2′)

Bx

(
∂By

∂x
−
∂Bx

∂y

)
− Bz

(
∂Bz

∂y
−
∂By

∂z

)
= 0 (DE3′)

By

(
∂Bz

∂y
−
∂By

∂z

)
− Bx

(
∂Bx

∂z
−
∂Bz

∂x

)
= 0 (DE4′)

(
Bx, By, Bz=0

)
is given. (BC′)
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