
Subspace Clustering via Kernel Method

1 Preliminary

In this paper, x, y ∈ RD×1, Y = [y1, y2, · · · , yN ] ∈ RD×N and C ∈ RN×N . 〈x, y〉 is the inner product
of x and y, ‖x− y‖2 = 〈x− y, x− y〉 .

Definition 1. Let Φ : RN → H be a mapping from the input space to the reproducing kernel
Hilbert space H. Let KY Y ∈ RN×N be a positive semidefinite kernel Gram matrix whose elements
are computed as:

[KY Y ]ij = [〈Φ (Y ) ,Φ (Y )〉H]ij = Φ(yi)
TΦ (yj) = κ (yi, yj) (1)

where κ : RD × RD → R is the kernel function and

Φ (Y ) = [Φ (y1) ,Φ (y2) , · · · ,Φ (yN )] (2)

and

KY Y =


κ (y1, y1) κ (y1, y2) · · · κ (y1, yN )
κ (y2, y1) κ (y2, y2) · · · κ (y2, yN )

...
...

. . .
...

κ (yN , y1) κ (yN , y2) · · · κ (yN , yN )

 = Φ(Y )TΦ (Y ) (3)

where KY Y ∈ RN×N .

Remark 1. Some commonly used kernels such as:

1. polynomial kernel:
κ (x, y) = (〈x, y〉+ a)b (4)

where a, b are the parameter of the kernel function.

2. Gaussian kernel
κ (x, y) = e−σ‖x−y‖

2

(5)

where σ is the parameter of the kernel function.

KY Y is symmetric matrices if we select the kernels as above. In our model, the kernels are adopted
as remark 1.

2 Related Work

In paper [1], they give KSSC model as:

min
C
‖C‖1 + λ ‖Φ (Y )− Φ (Y )C‖2F

s.t. diag (C) = 0, CT 1 = 1
(6)
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Remark 2.

‖Φ (Y )− Φ (Y )C‖2F
= 〈Φ (Y )− Φ (Y )C,Φ (Y )− Φ (Y )C〉
= 〈Φ (Y ) ,Φ (Y )〉 − 2 〈Φ (Y ) ,Φ (Y )C〉+ 〈Φ (Y )C,Φ (Y )C〉

=tr
(

Φ(Y )TΦ (Y )
)
− 2tr

(
Φ(Y )TΦ (Y )C

)
+ tr

(
CTΦ(Y )TΦ (Y )C

)
=tr (KY Y )− 2tr (KY Y C) + tr

(
CTKY Y C

)
(7)

3 Our Model

Our model KSLRSC:

min
C
α ‖C‖plp + β ‖C‖qSq

+ γ ‖Φ (Y )− Φ (Y )C‖2F

s.t. diag (C) = 0, CT 1 = 1
(8)

or

min
C
α ‖C‖plp + β ‖C‖qSq

+ γ ‖E‖rl2r
s.t. diag (C) = 0, E = Φ (Y )− Φ (Y )C,CT 1 = 1

(9)

Remark 3. ‖E‖rl2r is similar to ‖E‖21, we will give the definition of ‖E‖2/32,2/3 and ‖E‖1/32,1/3, maybe
other form of E in the proceeding.

4 Optimization for KSSC

To solve problem (6) via ADMM, we need an auxiliary A ∈ R,

min ‖C‖1 + λtr
(
KY Y − 2KY YA+ATKY YA

)
s.t. A = C − diag (C) , AT 1 = 1

(10)

the Lagrange formulation of (10) is:

L (C,A, Y1, Y2) =‖C‖1 + λtr
(
KY Y − 2KY YA+ATKY YA

)
+

〈Y1, A− C + diag (C)〉+
〈
Y2, A

T 1− 1
〉

+
µ

2

(
‖A− C + diag (C)‖2F +

∥∥AT 1− 1
∥∥2
F

) (11)

where A, Y1 ∈ RN×N , Y2, 1 ∈ RN×1, and entries of 1 are all 1s.

Update one variable when fix others:
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1. update A

A∗ = arg min
A

λtr
(
KY Y − 2KY YA+ATKY YA

)
+ 〈Y1, A− C + diag (C)〉+〈

Y2, A
T 1− 1

〉
+
µ

2

(
‖A− C + diag (C)‖2F +

∥∥AT 1− 1
∥∥2
F

)
= arg min

A
λtr

(
ATKY YA− 2KY YA

)
+

µ

2

(∥∥∥∥A− C + diag (C) +
Y1
µ

∥∥∥∥2
F

+

∥∥∥∥AT 1− 1 +
Y2
µ

∥∥∥∥2
F

) (12)

Let

J = λtr
(
ATKY YA− 2KY YA

)
+
µ

2

(∥∥∥∥A− C + diag (C) +
Y1
µ

∥∥∥∥2
F

+

∥∥∥∥AT 1− 1 +
Y2
µ

∥∥∥∥2
F

)
(13)

then
∂J

∂A
= 0 (14)

i.e.

∂J

∂A
= 0

= 2λ (KY YA−KY Y ) + µ

[(
A− C + diag (C) +

Y1
µ

)
+ 1

(
1TA− 1T +

Y T
2

µ

)] (15)

then we can get(
2λKY Y + µI + 11T

)
A = 2λKY Y + µ

(
C − diag (C) + 11T

)
− Y1 − 1Y T

2 (16)

so, we can get that

A =
(
2λKY Y + µI + 11T

)−1 [
2λKY Y + µ

(
C − diag (C) + 11T

)
− Y1 − 1Y T

2

]
(17)

2. update C

C∗ = arg min
C

‖C‖1 + 〈Y1, A− C + diag (C)〉+
µ

2
‖A− C + diag (C)‖2F

= arg min
C

‖C‖1 +
µ

2

∥∥∥∥A− C + diag (C) +
Y1
µ

∥∥∥∥2
F

= arg min
C

‖C‖1 +
µ

2

∥∥∥∥C − (A+
Y1
µ

)∥∥∥∥2
F

= arg min
C

1

µ
‖C‖1 +

1

2

∥∥∥∥C − (A+
Y1
µ

)∥∥∥∥2
F

(18)

3. update Y1
Y1 ← Y1 + µ (A− C + diag (C)) (19)

4. update Y2
Y2 ← Y2 + µ

(
AT 1− 1

)
(20)

5. update µ
µ← min (ρµ, µmax) (21)
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5 Optimization for Our Model KSLRSC

our model is:

min
C,D,F,E

α ‖C‖plp + β ‖D‖pSp
+ γ ‖Φ (Y )− Φ (Y )F‖2F

s.t. F = C − diag (C) , F = D,F T 1 = 1
(22)

5.1 Sub-Model

1. p = 1

min α‖C‖1 + β

[
1

2

(
‖U‖2F + ‖V ‖2F

)]
+ γ ‖Φ (Y )− Φ (Y )F‖2F

s.t. F = C − diagC, F = UV T , F T 1 = 1

(23)

2. p = 2/3

min α ‖C‖2/3l2/3
+ β

[
2

3
‖M‖∗ +

1

3
‖V ‖2F

]
+ γ ‖Φ (Y )− Φ (Y )F‖2F

s.t. F = C − diagC, F = UV T , F T 1 = 1,M = U

(24)

3. p = 1/2

min α ‖C‖1/2l1/2
+ β

[
1

2
(‖M‖∗ + ‖N‖∗)

]
+ γ ‖Φ (Y )− Φ (Y )F‖2F

s.t. F = C − diagC, F = UV T , F T 1 = 1,M = U,N = V

(25)

5.2 Sub-ALM

ALMs are responding for 23,24,25 as flowing respectively.

1. p = 1

L (U, V,C, F ) = α‖C‖1 +
β

2

(
‖U‖2F + ‖V ‖2F

)
+ γ ‖Φ (Y )− Φ (Y )‖2F +

〈Y1, F − C + diagC〉+
〈
Y2, F − UV T

〉
+
〈
Y3, F

T 1− 1
〉

+
µ

2

(
‖F − C + diagC‖2F +

∥∥F − UV T
∥∥2
F

+
∥∥F T 1− 1

∥∥2
F

) (26)

2. p = 2/3

L (U, V,M,C, F ) = α ‖C‖2/3l2/3
+
β

3

(
2‖M‖∗ + ‖V ‖2F

)
+ γ ‖Φ (Y )− Φ (Y )‖2F +

〈Y1, F − C + diagC〉+
〈
Y2, F − UV T

〉
+
〈
Y3, F

T 1− 1
〉

+ 〈Y4,M − U〉+
µ

2

(
‖F − C + diagC‖2F +

∥∥F − UV T
∥∥2
F

+
∥∥F T 1− 1

∥∥2
F

+ ‖M − U‖2F
) (27)

4



3. p = 1/2

L (U, V,M,N,C, F ) = α ‖C‖1/2l1/2
+
β

2
(‖M‖∗ + ‖N‖∗) + γ ‖Φ (Y )− Φ (Y )‖2F +

〈Y1, F − C + diagC〉+
〈
Y2, F − UV T

〉
+
〈
Y3, F

T 1− 1
〉

+

〈Y4,M − U〉+ 〈Y5, N − V 〉+
µ

2

(
‖F − C + diagC‖2F +

∥∥F − UV T
∥∥2
F

+
∥∥F T 1− 1

∥∥2
F

+ ‖M − U‖2F + ‖N − V ‖2F
) (28)

5.3 Sub-ADMM

• p = 1

1. update U

U∗ = arg min
U

β

2
‖U‖2F +

〈
Y2, F − UV T

〉
+
µ

2

∥∥F − UV T
∥∥2
F

== arg min
U

β

2
‖U‖2F +

µ

2

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

(29)

Let

J =
β

2
‖U‖2F +

µ

2

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

(30)

then

∂J

∂U
= 0⇒ βU − µ

(
F − UV T +

Y2
µ

)
V = 0⇔ U

(
βI + µV TV

)
= µFV + Y2V (31)

finally, we can get

U = (µFV + Y2V )
(
βI + µV TV

)−1
(32)

2. update V

V ∗ = arg min
V

β

2
‖V ‖2F +

〈
Y2, F − UV T

〉
+
µ

2

∥∥F − UV T
∥∥2
F

= arg min
V

β

2
‖V ‖2F +

µ

2

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

= arg min
V

β

2
‖V ‖2F +

µ

2

∥∥∥∥F T − V UT +
Y T
2

µ

∥∥∥∥2
F

(33)

let

J =
β

2
‖V ‖2F +

µ

2

∥∥∥∥F T − V UT +
Y T
2

µ

∥∥∥∥2
F

(34)

then

∂J

∂V
= 0

⇒ βV − µ
(
F T − V UT +

Y T
2

µ

)
U = 0⇔ V

(
βI + µUTU

)
= µF TU + Y T

2 U

(35)

finally, we can get

V =
(
µF TU + Y T

2 U
) (
βI + µUTU

)−1
(36)
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3. update C

C∗ = arg min
C

α‖C‖1 + 〈Y1, F − C + diagC〉+
µ

2
‖F − C + diagC‖2F

= arg min
C

α‖C‖1 +
µ

2

∥∥∥∥C − F − Y1
µ

∥∥∥∥2
F

= arg min
C

α

µ
‖C‖1 +

1

2

∥∥∥∥C − F − Y1
µ

∥∥∥∥2
F

(37)

then
C ← C − diagC (38)

• p = 2/3

1. update U

U∗ = arg min
U

〈
Y2, F − UV T

〉
+ 〈Y4,M − U〉+

µ

2

(∥∥F − UV T
∥∥2
F

+ ‖M − U‖2F
)

= arg min
U

µ

2

(∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

)

= arg min
U

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

(39)

Let

J =

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

(40)

then

∂J

∂U
= 0⇒ −

(
F − UV T +

Y2
µ

)
V −

(
M − U +

Y4
µ

)
= 0

⇔ U
(
V TV + I

)
= FV +M +

Y2V + Y4
µ

(41)

finally, we can get

U =

(
FV +M +

Y2V + Y4
µ

)(
V TV + I

)−1
(42)

2. update V

V ∗ = arg min
V

β

3
‖V ‖2F +

〈
Y2, F − UV T

〉
+
µ

2

∥∥F − UV T
∥∥2
F

= arg min
V

β

3
‖V ‖2F +

µ

2

∥∥∥∥F T − V UT +
Y T
2

µ

∥∥∥∥2
F

(43)

Let

J =
β

3
‖V ‖2F +

µ

2

∥∥∥∥F T − V UT +
Y T
2

µ

∥∥∥∥2
F

(44)
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then

∂J

∂V
= 0⇒ 2

3
βV − µ

(
F T − V UT +

Y T
2

µ

)
U = 0

⇔ V

(
2

3
βI + µUTU

)
= µF TU + Y T

2 U

(45)

finally, we can get

V =
(
µF TU + Y T

2 U
)(2

3
βI + µUTU

)−1
(46)

3. update M

M∗ = arg min
M

2

3
β‖M‖∗ + 〈Y4,M − U〉+

µ

2
‖M − U‖2F

= arg min
M

2

3
β‖M‖∗ +

µ

2

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

= arg min
M

2β

3µ
‖M‖∗ +

1

2

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

(47)

4. update C

C∗ = arg min
C

α ‖C‖2/3l2/3
+ 〈Y1, F − C + diagC〉+

µ

2
‖F − C + diagC‖2F

= arg min
C

α ‖C‖2/3l2/3
+
µ

2

∥∥∥∥C − (F +
Y1
µ

)∥∥∥∥2
F

= arg min
C

2α

µ
‖C‖2/3l2/3

+

∥∥∥∥C − (F +
Y1
µ

)∥∥∥∥2
F

(48)

then
C ← C − diagC (49)

• p = 1/2

1. update U

U∗ = arg min
U

〈
Y2, F − UV T

〉
+ 〈Y4,M − U〉+

µ

2

(∥∥F − UV T
∥∥2
F

+ ‖M − U‖2F
)

= arg min
U

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

(50)

let

J =

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

(51)

then

∂J

∂U
= 0⇒ −

(
F − UV T +

Y2
µ

)
V −

(
M − U +

Y4
µ

)
= 0

⇔ U
(
V TV + I

)
= FV +M +

Y2V + Y4
µ

(52)

finally, we can get

U =

(
FV +M +

Y2V + Y4
µ

)(
V TV + I

)−1
(53)

7



2. update V

V ∗ = arg min
V

〈
Y2, F − UV T

〉
+ 〈Y5, N − V 〉+

µ

2

(∥∥F − UV T
∥∥2
F

+ ‖N − V ‖2F
)

= arg min
V

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥N − V +
Y5
µ

∥∥∥∥2
F

= arg min
V

∥∥∥∥F T − V UT +
Y T
2

µ

∥∥∥∥2
F

+

∥∥∥∥N − V +
Y5
µ

∥∥∥∥2
F

(54)

let

J =

∥∥∥∥F T − V UT +
Y T
2

µ

∥∥∥∥2
F

+

∥∥∥∥N − V +
Y5
µ

∥∥∥∥2
F

(55)

then

∂J

∂V
= 0⇒ −

(
F T − V UT +

Y T
2

µ

)
U −

(
N − V +

Y5
µ

)
⇔ V

(
UTU + I

)
= F TU +N +

Y T
2 U + Y5

µ

(56)

finally, we can get

V =

(
F TU +N +

Y T
2 U + Y5

µ

)(
UTU + I

)−1
(57)

3. update M

M∗ = arg min
M

β

2
‖M‖∗ + 〈Y4,M − U〉+

µ

2
‖M − U‖2F

= arg min
M

β

2
‖M‖∗ +

µ

2

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

= arg min
M

β

2µ
‖M‖∗ +

1

2

∥∥∥∥M − U +
Y4
µ

∥∥∥∥2
F

(58)

4. update N

N∗ = arg min
N

β

2µ
‖N‖∗ +

1

2

∥∥∥∥N − V +
Y5
µ

∥∥∥∥2
F

(59)

5. update C

C∗ = arg min
C

α ‖C‖1/2l1/2
+ 〈Y1, F − C + diagC〉+

µ

2
‖F − C + diagC‖2F

= arg min
C

2α

µ
‖C‖1/2l1/2

+

∥∥∥∥C − (F +
Y1
µ

)∥∥∥∥2
F

(60)

C ← C − diagC (61)
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we can get that

F ∗ = arg min
F

γ ‖Φ (Y )− Φ (Y )F‖2F + 〈Y1, F − C + diagC〉+
〈
Y2, F − UV T

〉
+〈

Y3, F
T 1− 1

〉
+

µ

2

(
‖F − C + diagC‖2F +

∥∥F − UV T
∥∥2
F

+
∥∥F T 1− 1

∥∥2
F

)
= arg min

F
γ ‖Φ (Y )− Φ (Y )F‖2F +

µ

2

(∥∥∥∥F − C + diagC +
Y1
µ

∥∥∥∥2
F

+

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥F T 1− 1 +
Y3
µ

∥∥∥∥2
F

)
= arg min

F
γ ‖Φ (Y )− Φ (Y )F‖2F +

µ

2

(∥∥∥∥F − C + diagC +
Y1
µ

∥∥∥∥2
F

+

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥1TF − 1T +
Y T
3

µ

∥∥∥∥2
F

)
by Remark 2

= arg min
F

γ Tr
(
KY Y − 2KY Y F + F TKY Y F

)
µ

2

(∥∥∥∥F − C + diagC +
Y1
µ

∥∥∥∥2
F

+

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥1TF − 1T +
Y T
3

µ

∥∥∥∥2
F

)

(62)

Whenever p = 1, 2/3, 1/2 . let

J = γ Tr
(
KY Y − 2KY Y F + F TKY Y F

)
+

µ

2

(∥∥∥∥F − C + diagC +
Y1
µ

∥∥∥∥2
F

+

∥∥∥∥F − UV T +
Y2
µ

∥∥∥∥2
F

+

∥∥∥∥1TF − 1T +
Y T
3

µ

∥∥∥∥2
F

)
(63)

then

∂J

∂F
= 0⇒γ (−2KY Y + 2KY Y F ) +

µ

[(
F − C + diagC +

Y1
µ

)
+

(
F − UV T +

Y2
µ

)
+ 1

(
1TF − 1T +

Y T
3

µ

)]
= 0

(64)

then(
2γKY Y + 2µI + µ11T

)
F = 2γKY Y + µ

(
C − diagC + UV T + 11T

)
+
(
Y1 + Y2 + 1Y T

3

)
(65)

finally, we can get

F =(
2γKY Y + 2µI + µ11T

)−1 [
2γKY Y + µ

(
C − diagC + UV T + 11T

)
+
(
Y1 + Y2 + 1Y T

3

)] (66)

6 Appendix

1. Self-Expressiveness
X = (x1, x2, · · · , xn) , X = XC (67)
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where xi ∈ Rm×1, C ∈ Rn×n.
Especially

xi = (x1, x2, · · · , xn)


c1i
c2i
...
cni

 (68)

if

n∑
j=1

cji = (c1i, c2i, · · · , cni)


1
1
...
1

 = 1 (69)

where 1 is a scalar. Then it is a affine combination.
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