
.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Deep K-SVD Denoising

Scetbon Elad Milanfar

Presented by Yao Zhang

The guy is a populace

https://zhims.github.io/
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Notation

D =


d11 d12 d13 · · · · · · d1m
d21 d22 d23 · · · · · · d2m
... ... ... . . . . . . ...
... ... ... . . . . . . ...

dp1 dp2 dp3 · · · · · · dpm

 ∈ Rp×m (1)

Assume that Rank (D) = s ≪ p in other word, D is redundant.
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Notation
x stands for a patch,

x ∈ R
√p×√p reshape by column→ x ∈ Rp (2)

For example, if p = 625 then √p = 25

x =


x1,1 x1,2 · · · x1,25
x2,1 x2,2 · · · x2,25

...
... . . . ...

x25,1 x25,2 · · · x25,25

 ∈ R25×25 reshape by column→



x1,1
...

x25,1
x1,2

...
x25,2

...
x1,25

...
x25,25



∈ R625×1 (3)
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Notation

X: clean image, Y: noisy image.

X,Y ∈ R
√

N×
√

N reshape by column→ X,Y ∈ RN×1 (4)
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K-SVD Model

min
{αk},X,D

µ

2 ∥X − Y∥22 +
∑

k

(
λk∥αk∥0 +

1
2 ∥Dαk − RkX∥22

)
(5)

where Rk self-representation coefficient matrix.

1 Sparse coding

2 Diction learning
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Sparse Coding (just a patch)

Assume that
x = Dα (6)

where x ∈ Rp×1,D ∈ Rp×m and α ∈ Rm×1.

α* = argmin
α

∥α∥0 s.t. ∥Dα− y∥22 ⩽ pσ2 where y ∈ Rp×1 (7)

Eq.7 can be written as

α* = argmin
α

λ∥α∥0 +
1
2 ∥Dα− y∥22 (8)
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Sparse Coding (just a patch)

Eq.8 can be soft-convex as

α* = argmin
α

λ∥α∥1 +
1
2 ∥Dα− y∥22 (9)

Eq.9 can be solved via
1 BP
2 OMP
3 SVT

For example,

min λ∥α∥1 +
1
2 ∥Dβ − x∥22 + ⟨Y1, α− β⟩+ γ

2 ∥α− β∥22 (10)

where Y ∈ Rm×1
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Sparse Coding (all patches)

It is easily by addition.
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Update X

X* = argmin
X

µ

2 ∥X − Y∥22 +
1
2
∑

k
∥Dα∗

k − RkX∥22 (11)

Eq.11 can be easily obtain via

X* =

(∑
k

(
RT

k Rk + µI
))−1(

µY +
∑

k
RT

k Dα∗
k

)
(12)

Remark 1
The form of formula (12) is very important.
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Dictionary Learning

D∗ = argmin
D

∑
k

∥Dαk − RkX∥22 (13)

Eq 13 can solved by SVD, but the sparsity constraint is not enforced via
SVD. Therefore, Elad et al. presented the K-SVD (2006) method for Eq
13.

https://sites.fas.harvard.edu/~cs278/papers/ksvd.pdf

https://en.wikipedia.org/wiki/K-SVD#:~:
text=In%20applied%20mathematics%2C%20K-SVD,a%20singular%
20value%20decomposition%20approach.
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Deep K-SVD

1 Patch denoising

2 Reconstruct the full image
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Sparse Coding

In Eq.9
α∗ = argmin

α
λ∥α∥1 +

1
2 ∥Dα− y∥22

λ,D is fixed in the traditional methods,respectively.

But λ,D are evaluated by MLP with 3 hidden layers here.

The solution to Eq.9 is

αt+1 = Sλ/c

(
αt −

1
cDT (Dαt − y)

)
(14)

where c is the square spectral norm of D.
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The Loss Function

The loss function:
∥xk − Dαk∥22 (15)

By Eq.14, ∥∥∥∥xk − DSλk/c

[
1
cDT (Dαk − yk)

]∥∥∥∥2
2

(16)

Therefore, our goal is

argmin
D,c,λk

∑
k

∥∥∥∥∥∥∥∥∥xk − DSλk/c

[
1
cDT (Dαk − yk)

]
︸ ︷︷ ︸

informally denote Fθ(yk)

∥∥∥∥∥∥∥∥∥
2

2

(17)
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Reconstruct the Full Image

X =

∑
k

RT
k (w ⊙ (xk))∑
k

RT
k w

(18)

Remark 2
w is computed directly depend on λk and D, not from the network.

http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.
64.2767&rep=rep1&type=pdf
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Architecture of Deep K-SVD

Figure 1: Architecture of the Deep K-SVD

https://elad.cs.technion.ac.il/wp-content/uploads/2019/09/
Deep-KSVD.pdf
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In the Future

· · ·
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