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Notation 1. Let
X = LRT = UΣV T ∈ Rm×n

Notation 2.

L ∈ Rm×k, R ∈ Rn×k, U ∈ Rm×m, V ∈ Rn×n,Σ ∈



σ1
. . .

σr
0

. . .

0


∈ Rm×n

Notation 3.

‖X‖∗ =
r∑

i=1

σi

Proposition 1.

‖X‖∗ = min ‖L‖F · ‖R‖F = min
1

2

(
‖L‖2F + ‖R‖2F

)
(1)

Proof. We only to prove that

min ‖L‖F · ‖R‖F︸ ︷︷ ︸
1

6 min
1

2

(
‖L‖2F + ‖R‖2F

)
︸ ︷︷ ︸

2

6 ‖X‖∗︸ ︷︷ ︸
3

6 min ‖L‖F · ‖R‖F︸ ︷︷ ︸
1

(2)

1. ”1” ≤ ”2”

min
1

2

(
‖L‖2F + ‖R‖2F

)
=

1

2

(
‖L0‖2F + ‖R0‖2F

)
> ‖L0‖F · ‖R0‖F > min ‖L‖F · ‖R‖F (3)

2. ”2” ≤ ”3”

Let L = U(Σ)
1
2 , R = V (Σ)

1
2 ⇒ ‖L‖2F = ‖X‖∗ = ‖R‖2F (4)

so,

min
‖L‖2F + ‖R‖2F

2
6 ‖X‖∗ (5)



3. ”3” ≤ ”1”

‖X‖∗ =
r∑

i=1

σi =
r∑

i=1

ui
TuiΣvi

T vi

= u1
Tu1Σv1

T v1 + u1
Tu2Σv2

T v1︸ ︷︷ ︸
0

+ · · ·+ u1
TurΣvr

T v1︸ ︷︷ ︸
0︸ ︷︷ ︸

uT
1 Av1

+u2
Tu1Σv1

T v2︸ ︷︷ ︸
0

+u2
Tu2Σv2

T v2 + · · ·+ u2
TurΣvr

T v2︸ ︷︷ ︸
0︸ ︷︷ ︸

uT
2 Av2

+ · · ·
+ur

Tu1Σv1
T vr︸ ︷︷ ︸

0

+ur
Tu2Σv2

T vr︸ ︷︷ ︸
0

+ · · ·+ ur
TurΣvr

T vr︸ ︷︷ ︸
uT
r Avr

=

r∑
i=1

uTi Avi

=

r∑
i=1

〈
uTi L, v

T
i R

T
〉

(6)

so,

‖A‖∗ 6 sup
r∑

i=1

〈
O1iL,O2iR

T
〉

for {O1i} , {O2i} orthonormal basis (7)

and we can get that

‖A‖∗ 6 sup
r∑

i=1

〈
O1iL,O2iR

T
〉

6 sup
∑
‖O1iL‖F

∑∥∥O2iR
T
∥∥
F

apply Cauchy–Schwarz inequality

6 sup
(∑

‖O1iL‖
2
F

) 1
2
(∑∥∥O2iR

T
∥∥2
F

) 1
2

= ‖L‖F ‖R‖F

(8)
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