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1.1 Introduction

It is a typical ill-posed linear inverse problem and can be generally formulated as:

y=Hx+n (1.1)

where x,y are lexicographically stacked representations of the original image and the degraded
image, respectively, H is a matrix representing a non-invertible linear degradation operator and n
is usually additive Gaussian white noise.

To cope with the ill-posed nature of image restoration, image prior knowledge is usually employed
for regularizing the solution to the following minimization problem

1
arg min §||Hw—y\|§+)\\11 (x) (1.2)
X

where  [|[Hz — y||3 is Iy data-fidelity term, ¥ (z) is called the regularization term denoting image
prior and A is the regularization parameter.

1.2 Traditional Patch-based Sparse Representation

The basic unit of sparse representation for natural image is patch. Mathematically, denote by
x € RN and z;, € RP the vector representations of the original image and an image patch of size
VB x v/Bg at location k. Then

xy, = Ry (x) (1.3)

where Ry, (+) is an operator that extracts the patch xj from the image @, and transpose, denoted by
RZ (+), is able to put back a patch into the k-th position in the reconstructed image. Considering
that patches are usually overlapped, the recovery of  from {z}} becomes

e =3l (z0) / SR (1) (14
k=1 k=1

where the notion ./ stands for the element-wise division of two vectors, and 15, is a vector of size
B, with all its elements being 1. For a given dictionary D € RB*M (M is the number of atoms
in D), the sparse coding process of each patch xj over D is to find a sparse vector oy, € RM (i.e.
most of the coefficients in «ay, are zero or close to zero) such that & ~ Day. Then the entire image
can be sparsely represented by the set of sparse codes {ay}. In practice,

o1
o) = argmin - |lxx — Daol3 + Aed, (1.5)
(0%



where a € RM.

Similar to Eq 1.4, reconstructing @ from its sparse codes {ay} is formulated:

z=Doa% Y Rl (Da)./> R (ls,) (1.6)
k=1 k=1

where o = [Ole,ag, ...,OzﬂT e RMnx1,
Now, considering the degraded version in Eq 1.1, the regularization-based image restoration scheme
utilizing traditional patch-based sparse representation model is formulated as

N .1
Q = argmin §HHDoa—y”§+)\Hosz (1.7)
o

With @, the reconstructed image can be expressed by Z = D o a.

The heart of the sparse representation modeling lies in the choice of dictionary D. In other words,
how seek the best domain to sparsity a given image? Much effort has been devoted to learning a
redundant dictionary from a set of training example image patches. To be concrete, given a set
of training patches X = [x1, x2, ..., €], where J is the number of training image patches, the goal
of dictionary learning is to jointly optimize the dictionary D and the representation coefficients
matrix A = o, @, ..., oy] such that @) ~ Doy, and [layl|, < L.

This can be formulated by the following minimization problem

J
(f),K) = arg min Z |z — Deyll5 s.t. lall, < L, Vk. (1.8)
k=1

)

Apparently, 1.8 is large-scale and highly non-convex even when p is 1. To make it tractable and
solvable, some approximation approaches including MOD and K-SVD, have been proposed to
optimize D and I' alternatively, leading to many state-of-the-art results in image processing.

However, these approximation approaches for dictionary learning inevitably require high computa-
tional complexity.

1.3 Group-Based Sparse Representation

[1] propose a novel spare representation modeling in the unit of group instead of patch, aiming to
exploit the local sparsity and nonlocal self-similarity of natural images simultaneously in a unified
framework. Each group is represented by the form of matrix, which is composed of nonlocal patches
with similar structures.

Group Construction



Figure 1: Illustrations for the group construction. Extract each patch xj from image x. For each
x), denote Sy, the set composed of its ¢ best matched patches. Stack all the patches in Sg, in the
form of matrix to construct the group, denoted by z¢, .

As shown in Fig 1, first, divide the image @ with size N into n overlapped patches of size v/Bs x v/B;
and each patches is denoted by the vector @, € RBs ie. k=1,2,....n

Then, for each patch @y, denoted by small red square in Fig 1, in the L x L training window(big blue
square), search its ¢ best matched patches, which comprise the set Sz, . Here, Euclidean distance
is selected as the similarity criterion between different patches.

Next, all the in S, are stacked into a matrix of size Bs x ¢, denoted by xg, € RBs*¢ which is
includes every patch in Sy, as its columns, i.e. g, = {Tg, 01, Te o2, T e} The matrix xq,

containing all the patches with similar structures is named as a group. Similarly to Eq 1.3, we
define

zq, = Ra, (x) (1.9)

where Rg, (-) is actually an operator that extracts the group ¢, from @, and transpose, denote
by ng (), can put back a group into the k-th position in the reconstructed image padded with

3TN

Figure 2: Comparison between patch x; and xg,. One can also see that the construction of xg,
explicitly exploits the self-similarity of natural images.

zeros elsewhere.

By averaging all the groups, the recovery of the whole image « from {z¢, } becomes

:c_ZRGk (zc,)- ZRGk (18,xc) (1.10)
k=1



where ./ stands for the element-wise division of two vectors and 15, is a matrix of size Bs X ¢
with all the elements being 1.

Group-Based Sparse Representation Modeling

The proposed group-based sparse representation(GSR) model assume that each group x¢, can be
accurately represented by a few atoms of a self-adaptive learning dictionary Dg, .

D¢, = [dg,1,dG,22; - - - dGem] is supposed to be shown, where dg, ¢ i € RBs*¢ ig a matrix of
the same size as the group g, , and m is the number of atoms in D¢, . Different from the dictionary
in patch sparse representation D € RBs*M  here Dg, € RBsxc)xm

The sparse coding process of each group x g, over D, is to seek a sparse vector ag, = [ag,1,06,22,,- - - » ¥Grom)
such that
m
Te, = ZaGmi X dayei (1.11)
~—~ N~ =~
ERBSXC - €R1><1 ERBSXC
and denote that
m
A

=1

Then the entire image can be sparsely represented by the set of sparse codes {agq, } in the group
domain. Reconstructing « from the sparse codes {ag, } is expressed as

& = Dggoaq 2 Y RE, (Dayac,)./ Y RE, (18,xc) (1.13)
k=1 k=1

where D¢ denotes the concatenation of all o, , and denotes the concatenation of all ag, .
Back to Eq 1.10.

By considering the degraded version in Eq 1.1, the proposed regularization-based image restoration
scheme via GSR is formulated as

~ .1
a(;:argmln§HHDGoag—yHg—F)\HagHO (1.14)

oG

We can see the differences between Eq 1.14 and Eq 1.7 lie in the dictionary and the unit of sparse
representation.



Self-Adaptive Group Dictionary Learning

[1] will show how to learn the adaptive dictionary Dg, for each group x¢,. On one hand, we hope
that each g, can be faithfully represented by D¢,. On the other hand, it is expected that the
representation coefficient vector of g, over Dg, is as sparse as possible.

The adaptive dictionary learning of group can be intuitively formulated as:

n n
argminZ”ka —DwaGngﬂL)\ZHO&Gka (1.15)
Da.ag, .= k=1

Eq 1.15 is a joint optimization problem of D, and {ag, }, which can be solved by alternatively
optimizing Dy and {ag, }.

Remark 1.1. It is Dy in Eq 1.15, not Dg, .

[1], utilized D¢, instead of D, based on the following three considerations.

1. Solving the joint optimization in Eq 1.15 requires much computational cost.
2. Eq 1.15 is actually adaptive for given image x, not adaptive for a group z¢, .

3. Eq 1.15 neglects the characteristics of each group z¢, .

So,

n
arg min Z Hazgk — DCCGk ag,

k aGy, k=1

2 n
A Jlagyll, (1.16)
k=1

We propose to learn the adaptive dictionary Dg, for each group g, directly from its estimate rg,
(see Eq 1.29).

After obtaining 7, , we then apply SVD to it,

m
TG, = UGkZng = Z%’Gk@i (qu@)ivgk@i) (1.17)
G i=1



Remark 1.2. Recall the SVD:

X =uU, > Vv
~~ ~~ ~~
cERmMXn cRmMmXm ~~~ ERnXn

eRan
(011 -+ 0 0 .()'_UIT_
. .. 0 :
= U U U 0 orr 0 - 0 GI%)T
Tl e 0 0 - 0 2
Rt : A : (1.18)
: <o : : .o o7
L 0 0 0 of — " -
min{m,n}
= Z JiiuiviT
i=1
.
= Zo'iiuivz‘T
i=1
So, each atom in D¢, for group xq,, is defined as
dGoi = UeeiVh, e 1 <i<m (1.19)
where dg, i € RPs*¢, then
DGk = [de®17 de®27 ey de®m] . (120)

1.4 Optimization for GSR-Driven /; Minimization

The straightforward method to solve Eq 1.14 is translated into solving [ convex form, i.e.
~ 1 2
aG:argmmiHHDGoag—yH2+)\HagH1 (1.21)
ag

But in this paper [1], adopts the framework of split Bregman iteration(SBI) [2] to solve Eq 1.14.

But || - ||, is not convex !!!

Then first of all, let’s make a brief review of SBI. Consider a constrained optimization problem

i st u=G 1.22

e fu)+g (), st. u=Gy (1.22)
S|lu—Gv||3=0

where G € RM*N and f: RY - R, ¢g: RM — R are convex functions. The SBI solve Eq 1.22 as

Algorithm 1.



Algorithm 1  Split Bregman Iteration(SBI)
Set t = 0, choose 1 > 0,bg = 0, ug = 0,v9 = 0.

Repeat
u'™ =argmin f(u) + 4 ||u— Gv' — thg
u

v = argmin g (v) + 4 |[u'tt - Gv - thi
v

bt-i-l — bt o (ut-‘rl _ G,vt—l-l)
t+—t+1
Until stopping criterion satisfied

Remark 1.3. In Algorithm 1,

1. Where is the b from? Why by = 07 Obviously, we want to get that b — 0.

2. What about n? pu — oo or not ?

Answer

1. b is the Bregman parameter, see [3,4] .

2. NOT, u is fixed, here is SBI not classical ALM
Now, let’s back to Eq 1.14, we get that
1 2
min - ||[Hu — y||5 + A|agllg,  st.u = Dgoag (1.23)
ag,u 2

Then, we define that
1
flu)=3 IHu—yl3, g(ac) = Mlaall (1.24)

Then, update w, ag and b by Eq 1.25

1 2
wttl = arg min o | Hu —yll5 + g |u— Dg oag — b
u

i = argmin \ag|, + g HutH —Dgoag— th; (1.25)
ag

bt = bt — (ut'H — Dgo oztgl)



u Sub-Problem

. 1
min Q1 (u) = min > | Hu — y|l3 + 5 llu = Do o ag - b3 (1.26)

By Eq 1.26 is convex and Fermat’s Lemma, it is easy to get that

w* = (H"H + uI) " [H"y + 1 (Dg o ag + b)) (1.27)

back to Eq 1.23 & Eq 1.13 .

Remark 1.4. I do not check Eq 1.27 carefully.

However, there are some drawbacks in inverse of a matrix.

Therefore, this paper [1] obtain the w via the gradient descent method as the following ,

utt! :ut—n[HTH’u,t—HTy‘i‘,U«(ut_DGoaG_b” (1.28)

When u! — u't!, we will get u*.

Remark 1.5. What about n ¢

o Sub-Problem

Back to 2nd formula of Eq 1.25, we can get that
. 1 A
min Qs (ag) = min - | Dg o ag — |3 + =lacl, (1.29)
ag ag 2 1%
where r = u — b.
Let * = D¢g o ag, then Eq 1.29 can be write

: ! 5 A
min @z = min 5 Hw—err;HaGHo (1.30)

In this paper [1], gives a key theorem
Theorem 1.1 ([1]). Let x,» € RN rg, € RB-*¢ and denote the error vector by e = x —r, and e (j),
where j =1,...,N.

2

Assume that e (§) is independent and comes from a distribution with zero mean and variance o. Then for any

n
e > 0, we have the following property to describe the relationship between ||z — 'r||§ and Y ||lza, —ra 2
k=

. 1 s 1L 2
Jm P {N o=l ~ % 3 llea, — ra, I < } 1 (131)

K—o0 k=1



By Thm 1.1, we can get that

1 1<
= S, v (132
with a large probability.

Eq 1.32 is equal to

lz 7l == ZII‘BGk rellr (1.33)

Back to 1.30

1 9 A
argmin o & = rll; + lacllo

ag
N
—argmln Y4 Z lza, — ra.lls + !|OéG||o
k=1
1 & )\K
= arg min — lza, —ra |5+ =gl
;1 ; e+ gllecl (1.34)

1 & AK &

. 2

=argmin — E lza, —TGkHF*'iE laay llo
e 2 ,uNkzl

—mgmmEZ(\m@77nA%+ﬂmamQ
ag

_ MK
where 7 = N

Eq 1.34 can be efficiently minimized by solving n sub-problems for all group z¢, .

So,

1
argmin 2, vl + Tlocly = argmin} Do, a0, e +rlacily (1)
agy G

By Eq 1.17,1.19,1.20, g, = Dg,vq, where Dg, is an unitary operator.

Back to Eq 1.35

o1 2
argm1n§ lza, — ra.llr + Tllac,ll,

—argmm ||DGkaGk TGk"%‘+T||aGkHo
«
G (1.36)
=argmin — HDGkaGk Da, vre,, H + 7l llo
ag,

Tlleclly

.1 2
=argmin — ||ag, — +
ggk 2 H Ge = ey ||



Then Eq 1.36 can be solve by hard thresholding, see Section 1.5.

The solution of Eq 1.36 is oz*Gk = hard (’ka, vV 27) =76, 01 (|7Gk\ — \/?), where ©® is element-wise
product of two vector.

1.5 Hard Thresholding

The objective function is defined as follows:

f(z)=(z—b)”+ Azl (1.37)
_JOoifx=0
where |z|, = {1 ifo A0
Then we can get that
b2 ifr=0
f(x)_{(x—b)zﬂifx;éo (1.38)
Whether b2 > \ or not?
Finally, we can get that
= = 1-
x argmmlnf(x) {b, F(@) = A bl > VA (1.39)
Eq.1.39 is also called hard thresholding by the following formula
x* = hard (b, \5) (1.40)
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