
Scientific computation

1. Numerical linear algebra

Numerical Linear Algebra is a field of study that focuses on developing numerical methods
and algorithms for solving problems related to linear algebra using computers. It involves
the development and application of numerical techniques to handle large-scale matrices and
vectors and solve various linear algebraic problems efficiently and accurately.

Linear algebra is a fundamental branch of mathematics that deals with vector spaces, linear
equations, matrices, eigenvalues, eigenvectors, and other concepts. In practical applications,
such as scientific computing, engineering, data analysis, and machine learning, linear algebraic
problems often arise and require efficient numerical solutions.

Some key topics in Numerical Linear Algebra include:

(a) Matrix operations: This involves operations such as matrix addition, multiplication,
transposition, inversion, and factorizations (e.g., LU decomposition, QR decomposition).
These operations play a crucial role in solving linear systems, calculating eigenvalues,
performing matrix factorizations, and more.

(b) Solving linear systems: The problem of solving a system of linear equations (Ax = b)
is a central topic in Numerical Linear Algebra. Various numerical methods are available,
including direct methods like Gaussian elimination, LU decomposition, Cholesky decomposition,
and iterative methods like Jacobi method, Gauss-Seidel method, and conjugate gradient
method.

(c) Eigenvalue problems: Eigenvalue problems involve finding the eigenvalues and corresponding
eigenvectors of a given matrix. Numerical algorithms like power iteration, QR algorithm,
and Lanczos algorithm are used to compute eigenvalues and eigenvectors, which have
applications in stability analysis, graph theory, signal processing, and quantum mechanics.

(d) Singular value decomposition (SVD): SVD is a powerful matrix factorization technique
that decomposes a matrix into three components: U, Σ, and V. It has applications in
data compression, dimensionality reduction, image processing, collaborative filtering,
and solving least squares problems.

(e) Optimization and least squares: Numerical Linear Algebra methods are often used in
optimization problems and least squares fitting. Techniques like QR factorization, SVD,
and iterative solvers are applied to solve optimization problems efficiently and accurately.

Numerical Linear Algebra plays a crucial role in scientific computing, engineering simulations,
data analysis, machine learning, and various other fields. It provides the tools and algorithms
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necessary to handle large-scale linear algebraic problems that arise in real-world applications,
enabling faster computation, accurate solutions, and efficient data analysis.

2. Numerical Optimization

Numerical Optimization is a technique that uses computational methods to find the optimal
solution of a function. In practical problems, we often need to optimize an objective function
to achieve its minimum or maximum value. Numerical optimization methods provide an
effective approach to solving such optimization problems.

The basic idea of numerical optimization methods is to iteratively improve candidate solutions
until finding the optimal solution or an approximation that satisfies specific conditions. Here
are some commonly used numerical optimization methods:

(a) Gradient Descent: Gradient descent is one of the simplest and most commonly used
numerical optimization methods. It updates parameters in the direction of the negative
gradient of the objective function to gradually approach the optimal solution. Gradient
descent can be applied to both convex and non-convex optimization problems.

(b) Newton’s Method: Newton’s method utilizes the second derivative information of the
objective function for optimization. It approximates the objective function using Taylor
series expansion and iteratively updates using the second derivative matrix (Hessian
matrix). Newton’s method usually converges quickly but has higher computational
complexity.

(c) Conjugate Gradient: Conjugate gradient is used to solve linear systems with symmetric
positive definite matrices and can also be applied to nonlinear optimization problems.
It utilizes a series of conjugate search directions for iterative updates to find the optimal
solution.

(d) Quasi-Newton Methods: Quasi-Newton methods are a class of methods that use approximate
Hessian matrices for iterative updates. Two well-known methods in this category are the
BFGS (Broyden-Fletcher-Goldfarb-Shanno) algorithm and L-BFGS (Limited-memory
BFGS) algorithm.

In addition to the above methods, there are other advanced numerical optimization techniques
such as genetic algorithms, particle swarm optimization, simulated annealing, etc. These
methods have their own advantages and applicability in different types of optimization problems.

When applying numerical optimization methods, it is necessary to choose appropriate objective
functions, constraints, and initial solutions. It is also important to consider computational
efficiency, convergence properties, and solution stability. Additionally, parameter tuning,
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convergence criteria definition, and post-processing and validation of the results are required
to ensure reliable and effective optimization solutions.

3. numerical methods for ordinary differential equations

The numerical solution of ordinary differential equations (ODEs) refers to the use of numerical
methods to compute and approximate the solutions of given ODEs. Analytical solutions for
ODEs are typically only available in a few cases, making numerical methods the primary
approach for solving ODEs.

Common numerical methods for ODEs include:

(a) Euler’s method: Euler’s method is the simplest first-order numerical method. It involves
dividing the interval into discrete points and using a linear approximation of the derivative
to sequentially compute the numerical solution of the function. However, due to its larger
local truncation error, it has limited accuracy.

(b) Runge-Kutta methods: Runge-Kutta methods are a class of multi-step numerical methods,
with the fourth-order Runge-Kutta method (RK4) being the most widely used. These
methods involve multiple calculations of the derivative to approximate the numerical
solution of the function, providing higher accuracy and stability.

(c) Multistep methods: Multistep methods utilize information from several previous function
values and derivatives to compute the value at the next point. Common multistep
methods include the Adams-Bashforth and Adams-Moulton methods.

(d) Implicit methods: Implicit methods use information from the current point, along with
function values and derivatives, to compute the value at the next point. Compared
to explicit methods, implicit methods offer enhanced stability. Examples of implicit
methods include the implicit Euler method and Crank-Nicolson method.

The choice of an appropriate numerical method depends on factors such as the nature of
the problem, desired accuracy, and computational efficiency. Typically, numerical methods
require the discretization of the time or spatial domain into a set of discrete grid points and
use difference approximations to estimate the derivatives in the differential equation.

The accuracy of the numerical solution is influenced by factors such as the discretization step
size, order of the numerical method, and initial conditions. Generally, increasing the number
of iterations and reducing the step size result in higher precision. However, excessively small
step sizes may increase computational costs.

In practical applications, numerical solutions can be used to predict and simulate the behavior
of dynamic systems. The numerical solution of ODEs finds extensive applications in fields
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such as science, engineering, and physics, including celestial mechanics, circuit analysis, fluid
dynamics, and biological modeling.

4. Numerical methods for partial differential equations

Numerical methods for partial differential equations (PDEs) are techniques used to approximate
the solutions of PDEs using computational algorithms. Since analytical solutions are often
not available or difficult to obtain for complex PDEs, numerical methods provide a practical
approach to solving these equations. Here are some commonly used numerical techniques for
solving PDEs:

(a) Finite Difference Method (FDM): The finite difference method approximates derivatives
in the PDE using finite difference formulas. The PDE is discretized on a grid, and
algebraic equations are formed by replacing derivatives with finite difference approximations.
These equations can then be solved using iterative methods or direct solvers.

(b) Finite Element Method (FEM): The finite element method divides the domain into
smaller elements and approximates the solution over each element using basis functions.
The PDE is transformed into a system of algebraic equations by minimizing the error
between the approximate solution and the actual solution. This system of equations can
be solved using matrix techniques.

(c) Finite Volume Method (FVM): The finite volume method focuses on the conservation of
quantities within control volumes. The PDE is discretized by dividing the domain into
discrete control volumes, and the integral form of the PDE is applied to each control
volume. The resulting equations are solved numerically, typically using schemes that
preserve conservation properties.

(d) Spectral Methods: Spectral methods approximate the solution using basis functions with
global support, such as Fourier series or Chebyshev polynomials. The PDE is expressed
in terms of these basis functions, and the coefficients are obtained by projecting the PDE
onto the basis functions. Spectral methods offer high accuracy but may require more
computational resources.

(e) Boundary Element Method (BEM): The boundary element method transforms the PDE
into an equivalent boundary integral equation. The integral equation is discretized using
boundary elements, and the unknown values are determined by solving the resulting
linear system. BEM is particularly useful for problems with infinite domains or where
the solution is required only on the boundary.

(f) Machine Learning Method (MLM): Machine learning techniques have gained attention
in recent years for their potential applications in solving partial differential equations.
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While traditional numerical methods are still widely used, machine learning methods
offer a data-driven approach that can complement or enhance existing approaches.

These numerical methods can be applied to various types of PDEs, including elliptic, parabolic,
and hyperbolic equations. The choice of method depends on factors such as problem type,
domain geometry, desired accuracy, computational resources, and specific requirements of the
problem being solved. Additionally, there are other advanced techniques available for specific
types of PDEs, such as finite difference time-domain (FDTD) method for electromagnetic
problems, lattice Boltzmann method for fluid dynamics, and discontinuous Galerkin method
for high-order accuracy.
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科学计算

1. 数值线性代数

数值线性代数（Numerical Linear Algebra）是研究使用数值方法解决线性代数问题的领域。
它涉及到在计算机中对矩阵和向量进行操作和计算，以求解线性代数问题。

线性代数是数学中重要的分支，广泛应用于各个科学和工程领域。然而，当面对大规模的线

性代数问题时，手工计算变得不切实际，因此需要使用数值方法来处理这些问题。

数值线性代数主要涉及以下几个方面：

(a) 矩阵运算：包括矩阵的加法、乘法、转置、逆等基本运算。这些运算在数值线性代数中
起着重要的作用，用于求解线性方程组、特征值问题、奇异值分解等。

(b) 线性方程组求解：线性方程组是数值线性代数的核心问题之一。通过数值方法，可以有
效地求解大规模的线性方程组。常见的数值方法包括高斯消元法、LU 分解、Cholesky
分解、迭代法等。

(c) 特征值问题：特征值问题涉及到寻找矩阵的特征值和特征向量。数值方法用于计算矩阵
的特征值和特征向量，例如幂法、反幂法、QR 算法等。

(d) 奇异值分解：奇异值分解（Singular Value Decomposition，简称 SVD）是线性代数中重
要的分解方式之一。SVD 可以将一个矩阵分解为三个矩阵的乘积，用于数据降维、信号
处理、图像压缩等领域。

(e) 最小二乘问题：最小二乘问题是求解以线性模型表示的观测数据与实际数据之间的差异
最小化的问题。数值线性代数方法可用于求解最小二乘问题，如 QR 分解、正交投影法
等。

在数值线性代数中，需要考虑诸如稀疏矩阵、病态问题、数值稳定性等因素。选择合适的数

值方法取决于问题的特性、计算资源的限制以及所需的精度和效率要求。

数值线性代数在科学、工程和计算机科学等领域具有广泛的应用。它提供了有效、准确地处

理大规模线性代数问题的工具和技术，对于实际问题的建模、仿真和优化具有重要作用。

2. 数值最优化

数值最优化（Numerical Optimization）是一种通过计算方法来寻找函数的最优解的技术。在
实际问题中，我们经常需要优化某个目标函数，使其达到最小值或最大值。数值最优化方法

提供了一种有效的途径来求解这类优化问题。

数值最优化方法的基本思想是通过迭代过程逐步改进候选解，直至找到满足特定条件的最优

解或近似最优解。以下是一些常用的数值最优化方法：
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(a) 梯度下降法（Gradient Descent）：梯度下降法是最简单和最常用的数值优化方法之一。
它利用目标函数的负梯度方向来更新参数，以逐步接近最优解。梯度下降法可以应用于

凸优化和非凸优化问题。

(b) 牛顿法（Newton’s Method）：牛顿法利用目标函数的二阶导数信息来进行优化。它使用
泰勒级数展开来逼近目标函数，并利用二阶导数矩阵（Hessian 矩阵）进行迭代更新。牛
顿法通常收敛速度较快，但计算复杂度较高。

(c) 共轭梯度法（Conjugate Gradient）：共轭梯度法用于解决具有对称正定矩阵的线性方程
组，也可以用于非线性优化问题。它利用一系列共轭的搜索方向进行迭代更新，以寻找

最优解。

(d) 拟牛顿法（Quasi-Newton Methods）：拟牛顿法是一类使用近似的 Hessian 矩阵来进行
迭代更新的方法。其中比较著名的是 BFGS（Broyden-Fletcher-Goldfarb-Shanno）算法
和 L-BFGS（Limited-memory BFGS）算法。

除了上述方法，还有其他一些高级的数值最优化方法，如遗传算法、粒子群算法、模拟退火

等。这些方法在不同类型的优化问题中具有各自的优势和适用性。

在应用数值最优化方法时，需要选择合适的目标函数、约束条件和初始解，并关注计算效率、

收敛性和求解稳定性等问题。此外，还需要进行参数调整、收敛准则的定义以及对结果进行

后处理和验证，以确保获得可靠和有效的优化解。

3. 常微分方程数值解

常微分方程的数值解指的是使用数值方法计算和逼近给定常微分方程的解。常微分方程的解

析解通常只在少数情况下可用，因此数值方法成为了求解常微分方程的主要手段。

常见的数值方法包括以下几种：

(a) Euler 方法：Euler 方法是最简单的一阶数值方法，通过将区间划分为离散的点，并使用
导数的线性近似来逐步计算函数的数值解。但由于其局部截断误差较大，精度有限。

(b) Runge-Kutta方法：Runge-Kutta方法是一类多阶数值方法，其中最常用的是四阶 Runge-
Kutta 方法（RK4）。它通过多次计算函数的导数来逼近函数的数值解，并具有较高的精
度和稳定性。

(c) 多步法：多步法使用前面若干个点上的函数值和导数信息来计算下一个点上的函数值。
常用的多步法包括 Adams-Bashforth 方法和 Adams-Moulton 方法。

(d) 隐式方法：隐式方法使用当前点上的函数值和导数信息来计算下一个点上的函数值，与
显式方法相比更加稳定。常用的隐式方法包括隐式 Euler 方法和 Crank-Nicolson 方法。

选择合适的数值方法取决于问题的性质、精度要求和计算效率。通常，数值方法需要将时间

或空间区域划分为离散的网格点，并使用差分近似来逼近微分方程中的导数。
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数值解的准确度受到离散化步长、数值方法的阶数以及初始条件等因素的影响。迭代次数越

多，步长越小，数值解的精度越高。然而，过小的步长可能会增加计算成本。

在实际应用中，通过数值解可以预测和模拟动态系统的行为。常微分方程数值解广泛应用于

科学、工程和物理学等领域，例如天体力学、电路分析、流体力学、生物学建模等。

4. 偏微分方程数值解

偏微分方程（Partial Differential Equations, PDEs）的数值解是通过使用数值方法来近似求
解这些方程的过程。数值解法的选择取决于偏微分方程的类型、边界条件以及所需的精度和

效率等因素。以下是一些常用的偏微分方程数值解法：

(a) 有限差分法（Finite Difference Method）：有限差分法将连续的偏微分方程离散化为网格
上的差分方程。通过在空间和时间上对差分方程进行逼近，可以得到代数方程组。该方

法简单直观，适用于各种类型的偏微分方程。

(b) 有限元法（Finite Element Method）：有限元法通过将求解域分割成小的有限元，并使
用基函数对每个有限元上的解进行逼近。通过离散化过程，将偏微分方程转化为代数方

程组。这种方法适用于复杂的几何形状和非均匀介质。

(c) 谱方法（Spectral Methods）：谱方法使用具有全局支持的基函数来逼近解。通过在谱空
间中展开偏微分方程，并通过投影操作获得系数，可以得到高精度的近似解。这种方法

通常适用于光滑解和周期性边界条件。

(d) 边界元法（Boundary Element Method）：边界元法将偏微分方程转化为等效的边界积分
方程。通过在计算域的边界上求解边界积分方程，可以获得解的近似值。这种方法适用

于具有无穷域的问题和只需要边界解的情况。

(e) 有限体积法（Finite Volume Method）：有限体积法将求解域划分为小的体积单元，并利
用控制体积上守恒定律对偏微分方程进行离散化。通过求解控制体积之间的通量，可以

得到数值解。这种方法在处理守恒型方程、激波和复杂几何形状时特别有效。

(f) 机器学习法: 近年来，机器学习技术在解决偏微分方程问题方面引起了广泛关注。传统
的数值方法仍然被广泛使用，但机器学习方法提供了一种数据驱动的方法，可以与现有

方法相辅相成或增强。

除了上述方法，还有其他高级的数值技术，如自适应方法、多重网格方法和稳定化方法等，用

于提高数值解的精度和效率。

在选择数值解法时，需要考虑计算资源、数值稳定性、收敛性以及误差估计等因素。此外，合

适的网格划分、时间步长和边界条件也对数值解的质量和准确性起着重要的影响。
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